PHAN A. LY THUYET

1. Phuwong trinh duwong tron

M(x:y)

- Y

()

Phuong trinh dudng tron tam | (a;b) ban kinh R 1a (x—a)® +(y—b)* =R?.

Phuong trinh dudng tron ¢ dang trén thuong dugc goi 1a phuong trinh chinh tic cua dudng tron.

Vi du 1. Lap phuong trinh dudng tron trong moi treong hop sau:

a) Puong tron tam O ban kinh R;

b) Puong tron tam 1(-1;3) ban kinh 7.

Giai

a) Phuong trinh duong tron tam O ban kinh R la

(x=0)*+(y—-0)’=R* & x*+y*=R%

b) Phuong trinh duong tron tam 1(-1;3) ban kinh 7 la

[X— (=D +(y—3)* =7° < (x+1)* + (y—3)* = 49.

Vi du 2. Tim tam va ban kinh ctia duong tron c6 phuong trinh la

(x+2)*+(y-5)*=9

Gidai

Taco: (x+2)°+(y-5°=9<=[x-(-2)F +(y-5°=3%

Vay duong tron da cho co tam la 1(—2;5) ban kinh R=3

Nhdn xét: Ta c6 thé viét phuong trinh (x—a)® +(y —b)? = R? cta dudng tron tAm 1(a;b) ban kinh R vé
phuong trinh ¢ dang 1a x* + y? —2ax—2by +c =0. Dang d6 thuong duoc goi 1a phuong trinh tong quat cua
duong tron.

Vidu 3

a) Phuong trinh X + y> —4x+2y—4=0 c6 phai la phuong trinh duong tron khong? Néu phai, xac dinh toa
do tam va ban kinh ctia duong tron do.

b) Xéc dinh diéu kién cua a,b,c dé phuong trinh x* + y? —2ax—2by +c¢ =0 Ia phuong trinh dudng tron.
Khi do, xac dinh toa d6 tam va ban kinh theo a,b,c.

Giai

a) Ta co:

X4y —Ax+2y-4=0 X2 —4x+4+ Y +2y+1=9 < (X—2)* +(y+1)* =3%

Phuong trinh trén la phuong trinh duong tron tam 1(2;-1) ban kinh R =3.

b) Ta cé:

x* +y®—2ax—2by+c=0

& (% —2ax+a’)+(y* - 2by+b*)=a’ +b” —c

o (x—a)’+(y—-b)>=a’ +b*—c.

Do d6, phuong trinh trén 1a phuong trinh duong tron khi va chi khi a* +b? > ¢. Luc nay duong tron da cho
cé tam I (a;b) ban kinh

R=+a’+b’-c
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2. Phwong trinh dwong tron di qua ba diém khéng thing hang
Do ¢6 duy nhit mot duong tron di qua ba diém khong thang hang cho trude nén ta cé thé 1ap duoc phuong
trinh duong tron do khi biét toa do cua ba diém noi trén.
Vi du 4. Lap phuong trinh dudng tron di qua ba diém A(=11), B(0;—2),C(0; 2).
Gidi
Gia sir tam cua dudng tron 1a diém 1(a;b). Tacod IA=IB=IC < IA?> = IB? = IC2. Vi IA? = IB?,IB* = IC?
nén
(-1-a)*+(1-b)* =(0-a)* + (-2 -h)?
(0-a)* +(-2-hb)* =(0-a)* +(2-h)?
a’+b’+2a-2b+2=a’+b*+4b+4
= 2 2 2 2
a“+b°+4b+4=a"+b"-4b+4

2a—2b=4b+2 a=1
S o
b=0 b=0

Puong tron tam 1 (L;0) ban kinh R=IC =a’+b?—4b+4 =45,
Phuong trinh duong tron 1a (x—1)° +(y—0)* = (\/5)2 .
Vay phuong trinh dudng tron 1a (x—1)> +y* =5.

II. Phwong trinh tiép tuyén ciia dwong tron

)

()

- Puong thang M of diqua diém M, (XO; yo) va ¢ vecto phap tuyén

M, =(% —2;Y, ~b).
- Phuong trinh tiép tuyén Mt la

(% ) (x=%) +(¥o ~b)(¥~¥,) =0.

Vi du 5. Lap phuong trinh tiép tuyén tai diém M (2;1) thudc dudng tron (x —1)* + (y —3) =5.

Gidi

Pudng tron c6 tam 1(1;3) . Phuong trinh tiép tuyén tai diém M, (2;1) thudc duong tron (x—1)° +(y—3)* =5
la

2-D(x-2)+(1-3)(y-1)=0

< 1Ux-2)-2(y-1)=0<= x-2y=0.

Vi du 6. Trong mit phang toa dd Oxy, mot vat chuyén dong tron déu ngugc chidu kim dong hd trén duong
tron tam 1(3;2) ban kinh 5 dudi tac dung cia luc cing dy. Khi vat chuyén dong ti diém M (6;6) thi day
cang bi dut. ﬂ o

a) Viet phuong trinh quy dao chuyén dong cua vat sau khi day bi dit, biét rang vat chi chiu tac dong cua duy
nhat lyc cang day trong bai toan nay. i

b) Mdt vat khac chuyén dong thang déu trén duong thang c6 phuong trinh

A:3x+4y+23=0.
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Chirng minh hai vat nay khong gip nhau tai bat ki thoi diém nao.
Gidi

a) Quy dao chuyén dong cta vat thir nhat trudce khi ddy bi dut 1a duong tron (C) c¢6 phuong trinh:

(x=3)?+(y—2)* =5 < (x=3)° +(y—2)* = 25.

Khi day bi dut, do vét tht nhét chi chiu tic dong cia duy nhat lyc cang day nén vat do tiép tuc chuyén dong

theo tiép tuyén Mt tai diém M (6;6) thudc duong tron (C). Phuong trinh ti€p tuyén Mt la:

(6-3)(x—6)+(6-2)(y—6)=0

< 3(x-6)+4(y—-6)=0<=3x+4y-42=0.

Viy quy dao chuyén dong cua vat thir nhat sau khi ddy bi dut 1a tia Mt , dudng thiang Mt c6 phuong trinh la:

3Xx+4y—-42=0.

b) Khoang cach tir tam dudng tron (C) dén duong thang A:3x+4y+23=0 l&:

|3-3+4-2+23|
3+ 4

Vi khoang cach tir tim duong tron (C) dén dudng thang A 16n hon ban kinh cia duong tron (C) nén

duong tron (C) va dudng thang A khong c6 diém chung, tirc 1a vat thir hai khong gip vat thi nhat khi day

chwa dt. Mat khac, vi A//Mt nén vat thi hai khong gip vat thir nhat sau khi day bi dut. Vay hai vat khong

bao giod gap nhau.

IH = =8>5.

PHAN B. BAI TAP TU LUAN
Dang 1. Nhan dang phwong trinh dwong tron
Dua phuong trinh vé dang: (Xx— a)2 +(y- b)2 =P (*)
- Néu P >0 thi (*) 1a phuong trinh dudng tron ¢6 tam 1 (a;b) va ban kinh R=+/P
- Néu P <0 thi (*) khong phdi la phuong trinh dudng tron.
Caul. Trong cac phuong trinh sau, phuong trinh nao biéu dién dudng tron? Tim tdm va ban kinh néu co.
a) X°+y?+2x—4y+9=0(1) b) x*+y*—6x+4y+13=0(2)
c) 2x* +2y? —6x—4y—1=0(3) d) 2x* +y* +2x—3y+9=0(4)
Loi gii.
a) Phuong trinh (1) c6 dang x* +y? —2ax—2by+c=0 véi a=-Lb=2,c=9
Taco a®+b’°-c=1+4-9<0
Vay phuong trinh (1) khong phai 1a phwong trinh duong tron.
b) Tacé a®>+b*-c=9+4-13=0
Suy ra phuong trinh (2) khong phai 1a phwong trinh duong tron.
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Céau 2.

Céau 3.

2
c) Taco (3)<:>x2+y2—3x—2y—%=0@(x—§j +(y—1)2 -

N | o1

J10

3 L
Vay phuong trinh (3) la phuong trinh duong tron tam | (E ;1) , ban kinh R = -
d) Phuong trinh (4) khong phai 1a phuwong trinh dudng tron vi hé sd cua x> va y? khéc nhau.

Cho phuong trinh x* +y? —2mx—4(m-2)y+6-m=0(1)
a) Tim diéu kién ctia m d¢ (1) 1a phuong trinh dudng tron.
b) Néu (1) 1a phuong trinh duong tron, hiy tim tm va ban kinh theo m.
Loi gidi.
a) Phuong trinh (1) 1a phuong trinh dudng tron khi va chi khi a +b* —¢>0
Voi a=m;b=2(m-2);c=6-m
m>2

Hay m2+4(m—2)2—6+m>0<:>5m2—15m+10>0<:{m .
<

b) Véi diéu kién trén thi duomg tron c6 tam | (m;2(m—2)) va ban kinh R =+/5m? ~15m+10 .

Cho phuong trinh duong cong (C,,): x* +y? +(m+2)x—(m+4)y+m+1=0(2)

a) Chirng minh rang (2) 1a phuong trinh mot duong tron.

b) Tim tap hop tdm cac dudng tron khi m thay doi.

¢) Chirng minh rang khi m thay doi, ho cac dudng tron (C,) ludn di qua hai diém cb dinh.

Loi gii.
a) Taco
x> +y?+(m+2)x—(m+4)y+m+1=0
2 2 2 2
<:>x2+(m+2)x+m+y2—(m+4)y+(m+4) =(m+2) +(m+4) -m-1=0
4 4 4 4
2 2 2
@[Hmu} J{y+m+4} _(m+2) +(m+4)_m_1
2 4 4
2 2 2
Do (m”j +(m+4j o1 (M2 A4
2 2 2
Suy ra (2) la phwong trinh dudng tron voi moi m.
_ m+2
e , 2 L
b) Duong tron c6 tam (1): mad suyra x,+Yy,—1=0

Yi= >
Vay tap hop tim cac duong tron 1a duong thing A:x+y-1=0
c) Goi M (X,;Y,) 1a diém c6 dinh ma ho (C,,) luén di qua.
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X2+ Y, +(m+2)x, —(m+4)y, +m+1=0,Vm

Khi d6 ta co: < (X, — Y, —1)m+x.> +y,* +2x, -4y, +1=0,Vm

X, =-1
X,—Y,+1=0 y,=0
2= =S
X’ +Yy +2x -4y +1=0 x, =1
[ (Yo =2

Vay c6 hai diém c6 dinh ma ho (C,) ludn di qua véi moim 1a M, (-10) va M, (12)

Dang 2. Thiét lap phwong trinh dwéng tron
Céch 1:
- Timtoa do tdm 1 (a;b) ciia dwong tron (C).
- Tim ban kinh R ciia dwong tron (C).
- Viét phuong trinh duong tron (C) theo dang (X — a)2 +(y- b)2 =R?
Céch 2: Gia sir phuong trinh duong tron (C) la: x* +y? —2ax—2by +c¢ =0( Hodc
X? +y? +2ax+2by +c=0).
- Tur diéu kién cua dé Cau thanh lap hé phuong trinh véi ba an la a,b,c.
Giai h¢ dé tim a,b, ¢ tir d6 tim dugc phuong trinh dudng tron (C).
Cau 4.  Viét phuong trinh duong tron trong mdi truong hop sau:
a) Co tam 1(1-5) va diqua O(0;0).
b) Nhan AB lam duong kinh véi A(L1),B(7;5).
Loi gidi.
a) Pudng tron can tim ¢6 ban kinh 1a Ol = \/12+752 =26 nénco phuong trinh la:
(x—l)2 +(y+5)2 =26.

b) Goi | 14 trung diém ctia doan thing AB suy ra 1(4;3), Al = /(4—1)° +(3-1)° =13.
Dudng tron can tim c6 duong kinh 1a AB suy ra n6 nhan 1(4;3) lam tm va ban kinh
R=Al = \/E nén c6 phuong trinh la (X—4)2 +(y—3)2 =13,

Cau5. Trong mat phang véi hé toa do Oxy, viét phuong trinh dudng tron (C) di qua ba diém
A(-3-1),B(~1:3).C(-2:2).
Loi gidi.
Céch 1. Phuong trinh duong tron ¢6 dang (C): x* +y’ +2ax+2by +c =0, véi 8’ +b*-¢>0.
Vi A,B,C thudc (C) nén ta c6 hé phuong trinh
6a+2b—-c=10 a=-2
2a—6b-c=10<=1b=1
4a—-4b-c=8 c=-20
Vay phuong trinh dudng tron can tim x* + y? —4x+2y—20=0
Céach 2. Goi | (a;b) 1a tam cua (C).
Vi A, B,C thudc (C) nén
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Cau 6.

Cau7.

{IA: B _ (-3-a)" +(-1-b)" =(-1-a)’ +(3-b)
IA=1C | (-3-a)" +(-1-b)" =(-2-a) +(2-b)’
{4a+8b:0 {a=2
= =
2a+6b=-2 b=-1
Suyra 1(2;-1), ban kinh 1A=5
Vay phuong trinh dudng tron can tim (C):(x— 2)2 +(y +1)2 =25.

Cho hai diém A(8;0),B(0;6).
a) Viét phuong trinh duong tron ngoai tiép tam giac OAB.
b) Viét phuong trinh duong tron ndi tiép tam gidc OAB.
Loi giai.
a) Ta cO tam gidc OAB vudng & O néntam | cua duong tron ngoai tiép tam giac 1a trung diém
cua

canh huyén AB suy ra 1(4;3) vabankinh R=IA=J(8—4) +(0-3)° =5.

Vay phuong trinh dudng tron ngoai tiép tam gidc OAB 1a: (X— 4)2 +(y —3)2 =25,
b) Taco6 OA=8;0B=6;AB=+8°+6° =10.

1 .
Mait khac EOA.OB = pr ( vi cung bang dién tich tam gidc ABC).

OAOB

OA+OB+AB
D& thiy duong tron can tim c6 tdm thudc goc phan tu thir nhat va tiép xac véi hai truc toa d6 nén

Suyrar=

tam cuia dudng tron co toa do 1a 1(2;2).
Vay phuong trinh duong tron ndi tiép tam gidc OAB 13 (X - 2)2 + ( y— 2)2 =4,

Trong mit phang véi hé toa do Oxy, cho duong thang d :2x—y—-5=0 va hai diém

A(L2),B(4;1). Viét phuong trinh duong tron (C) ¢6 tam thudc d va di qua hai diém A,B.

Loi gidi.
Cach 1. Goi | 1atam cua (C) Do | ed nén I(t;2t—5).
Hai diém A,B cung thudc (C) nén
IA= 1B < (1-t) +(7-2t)" =(4-t)" +(6-2t) =t=1
Suyra 1(1-3) vaban kinh R=1A=5.

Vay phuong trinh dudng tron can tim (C):(x —1)2 +(y+ 3)2 =25.
53 .
Céch 2. Goi M (E’Ej la trung diem AB . Puodng trung truc cua doan AB diqua M va nhan

AB = (3; —1) lam vecto phap tuyén nén c6 phuong trinh
A:3x—y—-6=0.

Toa d6 tdm | cua (C) la nghiém cua hé
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Céau 8.

{2X_y_5:0:>|(1;—3).

3X-y—-6=0
Bén kinh ctia duong tron bing R=1A=5.
Vay phuong trinh dudng tron can tim

(C):(x—l)2 +(y+3)2 =25

Trong mat phang véi hé toa do Oxy, cho hai duong thang d, : x+3y+8=0,d, :3x-4y+10=0

va diém A(-2;1). Viét phuong trinh duong tron (C) ¢6 tam thudc d,, di qua

diém A va tiép xdc véi d,

Céau 9.

Loi giai.
Goi I Ia tim cua (C). Do | ed, nén I(-3t-8; t). Theo gia thiét ta c6
d(l,d,)=1A
|3(~3t —8) — 4t +10|
S
25

= J(-3t-8+2)% +(t-1)°

<St=-3
Suyral(l; -3) va R=5
Vay phuong trinh (C) 1a (x—1)* + (y+3)* =25.

Trong mit phang oxy cho 2 diém A (-1; 1), B(3; 3) va duong thang d:3x—4y+8=0. Viét

phuong trinh duong tron (C) qua A, B va tiép xdc d.

Céu 10.

Loi gidi.
Puong trung truc A ciia AB di qua M(1; 2) 1a trung diém AB c6 phuong trinh 1a
A:2X+y—-4=0.
Goi tam I cua (C) thuoc A lal (t; 4-2t)

; 3t—4(4-2t)+8|
Tacod(l,d)=1A < /(-1-t)* + 2t—32:|
(.0) = 1A & -1+ (23 == —
t=3
S
=2
2

(1 Véi t=3, suy ratam 1(3; -2). Ban kinh R=1A=5

Phuong trinh (C): (x—3)° +(y+2)* =25

31 31 65
O Vc’yit:?,suyratém I(?;—27) va Rz?

Phuong trinh (C): (X— %)2 +(y+27)° = % .

Trong mat phang oxy cho d: 2x—y -4 =0 Viét phuong trinh dudng tron (C) tiép xuc vai cac
truc toa do va co6 tam thudc d.
Loi gii.

Goi I(m; 2m-4) thuoc d la tdm cta duong tron (C).

Taco d(1;0x) =d(l;0y) <|2m—4|=|m|<m=4 hoic ng.
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] Véi m=ﬂ thi I(ﬁ;_—4), R:ﬂ ta co
3 3 3 3

cx= Py e =16
(©): (x 3) +(y+3) 5

[0 Véi m=4 thi 1(4;4),R=4tacd
(C): (x—4)* +(y+4)* =16.

cau 11 Trong mit phang oxy cho d: 2x—y—4=0: viét phuong trinh duong tron (C ) ¢6 tam thuoc d
dong toi tiép xac voi A, :3x+4y+5=0va A, :4x—-3y-5=0
Loi gidi.
Goi 1(6t+10;t) ed taco

|22t +35 |21t +35]

d(1,a)=d(1,4,) & = =

<t=0 hOeflctz_—70
43

[1Véi t=0suyra 1(10;0),R=7
Phuong trinh (C): (X—10)* +y* =49.

Dth—LOsu ra (ELO) l
43 43 43 43’

10
Ph trinh (C): (x—=—>)*+ —) = .
wong trinh (C): ( 43) (y+ ) 1849

Cau 12. Trong mat phang oxy cho d:x+2y—3=0 va A:x+3y—5=0 viét phuong trinh (C ) ¢6 ban

kinh R= 2\{_)1_0 , €O tam thuoc d va tiép xdc voi A.

Loi giai.

Goi I(-2a+3;a)ed latamcua (C). Tacod

d(I,A)=R<:>—|a_2|:—2\él_o<:{ a=0

J10 a=-2.
[ V&i a=6 suy ra I( -9; 6). Phuong trinh (C): (x+9)° + (y—6)° :g
[ V&i a=-2 suyra I( 7; -2). Phuong trinh (C): (X—7)% +(y+2)* ==
Cau 13. Trong mat phing oxy cho (C): X2+ Y2 +4/3x—4=0 tia oy ct (C) tai A. Viét phuong trinh (C”)

¢6 ban kinh R’=2 va tiép xidc ngoai véi (C ) tai A.
Lo gidi.
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Puong tron (C) ¢ tam 1(—2+/3;0) ban kinh R=4.

X2 +y2+43x—4=0

o (v>0)

Toa do A la nghiém hé {

Ta dugc A(0; 2).

x:2J§t

Puong thang IA di qua 2 diém I va A nén cé phuong trinh { e
y=2t+2.

Pudng tron (C*) tiép xtc ngoai véi ( C) nén tam I’ thudc IA, nén | (243t 2t +2).

2\/§—O=2(0—2«/§t)©t=1

Hon nita, R=2R" nén Al=21A< :
0-2=2(2-2t-2) 2

Vi t:%, suy ra 1'(+/3;3). Phuong trinh dudng tron (C* ): (X—+/3)2+(y—-3)2 =4

Cau 14. Trong mat phang oxy cho (C): x*+y? —2x+4y+2=0. Viét phuong trinh dudng tron (C’ ) cd
tam M (5;1) biét (C) cét (C ) tai 2 diém A, B sao cho AB=+/3.
Loi giai.
Puong tron (C) ¢6 tam I (1;-2), ban kinh R =+/3
Phuong trinh dudng thang nbi 2 tim IM: 3x—4y-11=0
Goi H(x;y)la trung diém AB.
HelIM

IH:\/RZ—AHZ:g

3x—4y-11=0

Taco

2N 9
(x=1)%+(y+2)? =7

~1 -29 11 -11
Suyra H(—;—) hoac H(—;,—
yra H(gi—g) hoe H(Zi75

1.2

;——) taco R” =43
5 10

0 Va&i H(
Phuong trinh (C”): (x—5)* + (y —1)* = 43.
11 -11
[0 Véi H(=;—) tacé R? =13
5 10
Phuong trinh (C): (x—5)* +(y-1)* =13

Cau 15. Trong mit phang toa do hé oxy cho duong thing d : x—y—1=0 va hai duong tron
(C):(x=3)*+(y+4)*=8; (C,):(x+5)* +(y—4)> =32. Viét phuong trinh duong tron (C) c6 tam | thuoc d
va tiép xdc ngoai voi hai duong tron trén.
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Loi giai.
Goi I, 1, 1,,R, R, R, lan luot Ia tam va ban kinh caa 3 duong tron (C), (C,)va (C,).

Gia str I(t;t—1) ed . Theo gia thiét Cau toan: (C ) tiép xdc ngoai (C,)va (C,) nén

I,=R+R,
%Q=R+&
Suyra
I,-R =11,-R,
& J(t=3)* +(t+3)2 =242 = [(t=5)? + (t+5)* 42

=t=0

V6i t=0suyra 1(0;—-1) va R=+/2.
Phuong trinh duong tron (C): x* +(y+1)° =2.

Dang 3. Vi tri twong d6i ciia dwong thang va dwong tron

1. Vi tri twong doi ciia dudong thiang véi dwong tron

1.1. Phwong phap 1

Cho dudng thing (A) va dudng tron (C) cé tam | ban kinh R

-Néu d(1;A)<R thi (A) cét (C) tai hai diém phan biét.

- Néu d(1;A)=R thi (A) tiép xuc véi (C)

-Néu d(1;A) >R thi (A) va (C) khéng c6 diém chung.

1.2. Phwong phap 2

Cho dudng thing (A): Ax+By+C =0 va dudng tron (C): x* +y* —2ax—2by+c =0
Ax+By+C=0 ( | )

X2 +y® —2ax—2by+c=0
- Néuhé (1) c6 hainghiém thi (A) cét (C) tai hai diém phan biét.
- Néu hé (I ) c6 mdt nghiém thi (A) tiép xtic (C)

Xét hé phuong trinh {

- Néu hé (1 ) vO nghiém thi (A) va (C) khéng co6 diém chung.

2. Vi tri twong di ciia hai dwong tron

- Cho hai duong tron (C,);(C,) c6 tim lan luot Ia 1;K bankinh R;R, . Taco
+) (Cl) va (Cz) & ngoai nhau (khéng c6 diém chung) khi va chikhi IK >R +R,

+) (C,) va (C,) dung nhau (khong c6 diém chung) khi va chikhi IK < |F\’1 - R2|
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(&

+) (C,) va (C,) dong tam (khong c6 diém chung) khi va chikhi I =K;R =R,

©

+) (C,) va (C,) tiép xitc ngoai khi va chi khi 1,1, =R, +R,

+) (C,) va (C,) tiép xtic trong khi va chi khi I,1, =|R —R,|

<)

+) (C,) va (C,) cdt nhau khi va chi khi |R —R,[<1,l, <R +R,

(=

Cau 16. Trong mit phang toa do oxy, cho dudng thing A:x—y+1=0 va dudng tron (C):

X*+y?—4x+2y—-4=0
a) Chirng minh M(2;1) nam trong dudng tron

b) Xét vi tri tuong ddi cua A va (C).
Loi giai.
a) Buong tron (C ) c6 tdm 1(2;-1) va ban kinh R=3. Ta cd

IM =2 <3=R. Do d M nam trong (C).
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b) d(1;A) =242 <3=Rnén A cit (C) tai 2 diém phan biét.

Cau 17. Trong mit phiang toa do oxy, cho 2 dudng tron (C) x? +y? —2x—6y—-15=0 va (C’):
x? +y? —6x—2y—3=0. Chirng minh 2 duong trdn cit nhau tai 2 diém phan biét A B.
Léi gii:
buong tron (C) cd tdm 1(1; 3) va ban kinh R=5.
Puong tron (C ) ¢6 tdm I'(3; 1) va ban kinh R =+/13.

Ma 11'=24/2, do d6 [R—R'|<1l'<|R+R| nén 2 duong tron cat nhau tai 2 diém phan biét A, B.

Cau 18. Trong mat phang toa do oxy cho duong tron (C) x* +y? —2x+4y—4=0 Va duong thang
A:N2x+my+1-+/2=0. Timmdé (C) cit A tai 2 diém phan biét.
Loi gidi:
buong tron (C) co tam I(1; -2) va ban kinh R=3
Pé (C) cat A tai 2 diém phan biét

<d(l;A) <R

‘\/5—2m+1—\/§‘
=

J2+m?

<3< 5m?+5m? +17 > 0. DPung véi moi m.

Cau 19. Trong mat phang toa do oxy cho duong tron (C) x* + y* —4x—2y =0 va duodng thang
A:mx—y—3m—2=0. Bién luan theo m s6 giao diém cua A va (C).
Loi giai:

buong tron (C) ¢ tdm 1(2; 1) va ban kinh R = J5.

Taco h=d(l:A) = |m2+3| |
m- +

[N

, 1 , 9

[ Néu h<+/5 < m>2 hoic m<—>=> A cit (C) tai 2 diém phan biét.
A - 1 A ’

0 Néu h=+/5 < m=2 hoic m:—§:> A tiép xuc (C).

. 1 .
(1 Néu h>\/§<:—5<m<2 = A khong cat (C).

Cau 20. Trong mat phang toa d¢ oxy cho duong tron (C): x* +y* =1
va: (C,): X% +y* —2(m+1)x+4my—5=0. Tim m d¢ hai dudng tron tiép xdc trong.
Lo gidi.

buong tron (C) cé tdm O(0; 0) va ban kinh R=1.

Trang 12



Duong tron (Cm) ¢6 tam I(m+1; -2m) va ban kinh R = \/(m +1)? +4m* +5.

Ma Ol =/(m+1)* +4m? .

Dé 2 duong tron tiép xdc trong thi R'—=R =0l
e JM+1)2 +4m? +5 1= /(m+1)? + 4m’

. 3
Giai phuong trinh ta dwgcm=-1 hoac m = 5

Cau 21. Trong mat phang Oxy, cho hai duong tron: (C,): x* +y> —2x—4y =0 va
(C,): (x+1)*+(y—1)* =16 . Viét phuong trinh duong thang di qua giao diém cua hai dudng tron do.
Lai giai
(C,) cotam 1,(L;—-2) vabankinh R =3
(C,) cotam 1,(-L1) vabankinh R, =4
L1, =(-1-1)% + (1+2)? =13
Ta thdy |R —R,|< 1,1, <R +R, suy ra hai dudng tron cat nhau.

Goi diém M (x;y) thudc dudng thang can tim

X2 +y?—2x—4y=0 X2+y?—2x—4y=0 (1
Toadd M théa man hé { y y Q{ y y=0 (1)

(x+1)?+(y-1)°>=16 X2+ y?+2x—-2y-14=0(2)

Lay (1) —(2) = —4x+6y+10=0< 2x—3y—-5=0(3)

Nhan thay M (x; y) luén thoa mén phuong trinh (3)

Suy ra dudng thang qua giao diém cua hai dwong tron a: 2x—3y-5=0.

Cau 22. Trong mat phang véi hé toa dd Oxy, cho duong tron (C): x* +y* +2x—8y—8=0. Viét phuong

trinh duong thang song song voi duong thang d :3x+4y—2 =0 va cit dudng tron theo mot day cung c6 do
dai bang 6.

Loi giai

A
B
- Buong tron (C):x*+y®+2x—-8y—8=0 c6tdm 1(-L4) vabankinh R=5

- Buong thiang d' song song véi dudng thang d nén phuong trinh cia d’ 1a: 3x+4y+m=0(m=-2)

. -3+4+m| |m+1
-Ké IH Ld"=HA=HB=3 va IH lakhoang cachtx | den d': IH :| |=| c |
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- Xét tam giac vuong IHA: IH? = 1A> ~HA* =25-9=16
(m+1)° m=19=d":3x+y+19=0
o——=16<|m+1=20=
25 m=-21=d":3x+y-21=0
Vay c6 hai duong thang 1a: 3x+4y+19=0;3x+4y—21=0 .

.(thoa man BK)

Cau 23. Trong mat phang véi hé toa do Oxy , cho duong tron (C): (x—l)2 +(y—1)2 =25 va diém
M (7;3) . Lap phuong trinh duong thang d qua M cat (C) tai 2 diém phéan biét A, B sao cho
MA=3MB

Léi giai

M ' B\_H./A
buong tron (C) c6 tam 1(1;1) va ban kinh R =5.
Taco) IM=2y10>R = M nim ngoai duong tron (C)
Goi H la trung diém AB ma MA=3MB = B la trung diém MH
Tach {IH2+MH2:40©{IH2+4BH2:4O
IH2+BH2=25 |IH2+BH2?=25
Puong thing d qua M (7;3) vaco VTPT n=(a;b),a’+b* =0 c6 phuong trinh la:
a(x—7)+b(y-3)=0<ax+by—-7a-3b=0

|a+b—7a—3b|
IH=d(I,d)= — 25 & [3a+b|=+/5/a% +b?
O astl=od

9a’ +6ab +b? :5(a2 +b2) < 2a’+3ab-2b*=0 &

suyra IH2=20= IH =25

b

a=—

2
a=-2b

o a=% = d:x+2y-13=0

e a=-2b =d:2x-y-11=0

Cau 24. Trong mét phang véi hé toa o Oxy, cho dudong tron (C): (X—l)2 +(y—1)2 =25 va diém
M (—l; 2) . Lap phuong trinh duong thaing d qua M cét (C) tai 2 diém phan biét A, B sao cho do dai day
cung AB nho nhit .

Loi giai
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Puong tron (C) c6 tam 1(L1) bankinh R=5 .Tacd: IM =+/5=IM <R néndiém M nim trong duong

tron (C), ke IH Ld = IH <IM va HA= HB =22 . Taco AH? = 1A%~ IH? =25-1H* , AB nho nhit

khi va chi khi AH nho nhat < IH 16nnhat < IH =IM <> H =M . Khi d6 duong thang d diqua M va
vudng goc voi IM nén duong thang d co mot vecto phap tuyén 1a IM =(-2;1) . Vay phuong trinh dudng
thang d la: —2(x+1)+1(y—-2)=0<-2x+y-4=0 .

Cau 25. Trong mat phang véi hé toa do Oxy, cho duong tron (C): (x—l)2 +(y—2)2 =5. Viét phuong
trinh dudng tron (C') c6 tam K (5;-2) va cat duong tron (C) theo mot day cung AB c6 d6 dai bang J2.
Loi gidi

- Puong tron (C):(x-1)° +(y-2)" =5 cotam 1(L2) vabankinh R=+/5
Goi a véi a>0 la ban kinh duong tron (C'), phuong trinh (C') la: (C'):(x— 5) (y+2)
<X +y’—10x+4y+29—a’=0 . Toa do giao diém ciia hai duong tron(C) va (C')la nghiém hé phuong
_ —2) = X —-2Xx—-4y =0 1
trinh (x 1) +y 2) > PN 2+y y= (1)
x2+y?—10x+4y+29—-a2=0 |X*+y’—10x+4y+29-a*=0 (2)

Trur tirng Vé hai phuong trinh trén ta duoc phuong trinh 8x—8y—29+a? =0 1a phuong trinh duong thang
di qua hai giao diém A, B cua hai duong tron, ké IH L AB suyra H 13 trung diém cua AB va

AH = HB—%AB— = IH =+IA*> — AH? = ,/5—— \/7 IAB

. p1-82-29+47 ) a’-37=24 [a’=61
Nén ta co = —<:>‘a —37‘=24c> , S
g2 +(—8)2 2 a’-37=-24 |a’=13

C6 hai duong tron la: (C'):(x=5)"+(y+2)" =13,(C"): (x=5)" +(y+2)" =61

Cau 26. Trong mat phang véi hé toa dd Oxy, cho dudng tron (C): (x—l)2 +(y—1)2 =1, Lap phuong
trinh dudng tron (C') tiép xtc véi hai truc toa do va tiép xtic ngoai (C) .
Loi gidi
buong tron (C) cé tam 1(L;1) vaban kinhR=1.
Goi K(a;b)va R>0 14 tim va ban kinh duong tron (C') tiép xdc véi hai truc toa d nén ta co

= =b
ot |a|:|b|@B=_b

|a|=|b|=R:[""
a
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+Néu a=b>0=>K(a;a) phuong trinh (C'): (x—a)"+(y—a)’ =a® hai duong tron tiép xdc ngoai khi va
a=3+2\2

a=3-242

chikhi IK =R+R & J(a-1) +(a-1) =l+aca’-6a+l=0o

C6 2 dudng tron : (C'):(x-3-22) +(y—3-242) =17+122

(C):(x-3+22) +(y-3+2V2) =17-122

+Néu a=b<0=K(a;a) phuong trinh (C'): (x—a)"+(y—a)’ =a® hai duong tron tiép xdic ngoai khi va

chi khii IK =R+R' < /(a-1) +(a-1)’ =1-a<a’~2a+1=0<a=1 (loai)

+Néu a=-b = K(a;—a) phuong trinh (C'): (x—a)2 +(y+a)2 =a’” hai duong tron tiép xdc ngoai khi va

chi khii IK =R+ R’ < J(a-1)' +(a+1)’ =1+[a| =207 +2=(1+[a])’ (1)
TH1: a>0 khidé (1)< 2a’+2=(1+a) @ a’-2a+l=0<a=1
Phuong trinh dudng tron la: (C'): (x—1)2 +(y+1)2 =1.

TH2: a<0 khidé (1) < 2a*+2=(1-a) < a’+2a+1l=0ca=-1
Phuong trinh dudng tron la: (C'): (x+1)2 +(y—1)2 =1.

C6 4 duong tron thoa man.

Dang 4: Tiép tuyén cia dwong tron
Cho duong tron (C) co6 tam I( a;b) va ban kinh R.

a) Néu biét tiép diém 14 M (x,;Y,) thi tiép tuyén d6 qua M va nhan vector W(X0 —-a;y,—b) lam
vector phap tuyén nén co phuong trinh 1a. (X, —a)(X—X,) + (Y, — b)(y—Y,) =0.
b) Néu khong biét tiép diém thi dung diéu kién tiép xuc: A tiép xuc (C )< d(1;A) =R dé xac
dinh tiép tuyén.
Cau 27. Trong mat phang toa do oxy cho dudng tron (C) (x—1)° +(y +2) =8.
a) Viét phuong trinh tiép tuyén cua duong tron (C) tai diém A(3; -4).
b) Viét phuong trinh tiép tuyén ctia duong tron (C) qua diém B(5; -2).
¢) Viét phuong trinh tiép tuyén ctia dudng tron (C) biét tiép tuyén vudng goc véi
d:x+y+2014=0.
d) Viét phuong trinh tiép tuyén ctia duong tron (C ) biét tiép tuyén tao véi truc tung mot goc 45°
Loi giai.
a) Puong tron (C) ¢6 tam I(1; -2) va ban kinh R=24/2.
Do A thudc (C) nén tiép tuyén A qua A vanhan 1A=(2;-2) lam vector phap tuyén

Vay phuong trinh A:x—y—-7=0.
b) Goi n = (a;b) 1a vector phép tuyén ctia A, Do dé

A:a(x=5)+b(y+2)=0
S ax+by-5a+2b=0
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Do Atiép xtc véi (C) nén

d(I;A):RQﬂ:Z\E

Ja +b’
sat=h"<a=1b
Vi a=b chon a=1=>b=1. Phuong trinh tiép tuyén A 1a x+y—-3=0.

Véi a=-b chon a=1=Db=-1. Phuong trinh tiép tuyén A la x—y—-7=0.

¢) Tiép tuyén A vudng géc d nén A co dang x—y+c=0.

3 1
M2 d(1:A) =R e | +C|:2\/§®{ ¢

2 c=-7
Vay c6 2 tiép tuyén thoa man: x—y+1=0hoic x—y—7=0.

d) Goi A c6 dang ax+by+c=0 (a’+b*=0)

a-2b+c
d(1;4)=R %:2@
a’+
Theo Cau rataco . &
cos(n;i) = Q El ﬁ
2@ +b? 2

s a’=b*<a=+b

c=5Db
Voi a=b=|c-b|=4]b| <

c=-3b
+ TH1:.chon b=1=c=5;a=1tadugc A:x+y+5=0.
+ TH2: chon b=1=c=-3;a=1 taduoc A:x+y—-3=0.

c=7b
c=-b

Véi a:—b:>|c—3b|=4|b|<:>{
+TH1:chon b=-1=c=-7;a=1 tadugc A:x—y—-7=0.

+ TH2: chon b=-1=c=3;a=1tadugc A:x—y+1=0.

Vay c6 4 tiép tuyén can tim1a A1 x+y+5=0; A:x+y—-3=0; A:Xx—y—7=0; A:x—y+1=0.

Cau 28. Trong mit phang toa do oxy cho duong tron (C,):x* +y*-2y—-3=0 va
(C,):x*+y*—8x—8y+28=0. Viét phuong trinh tiép tuyén chung cua 2 duong tron.
Loi giai:
(C,) cotam 1,(0;1) vabankinh R =2.
(C,) cotam 1,(4,4) vabankinh R, =2.

C6 I, 1,=5>R, +R, nén 2 dudng tron ¢ ngoai nhau, nhu vay c6 4 tiép tuyén chung.
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TH1: Néu tiép tuyén song song oy thi A ¢6 dang x+c=0.
Taco d(l;;A)=d(l,;A) <c|=|[4+c|<=c=-2
Vay tiép tuyén A:x—2=0.

TH2: Néu A khdng song song véi oy thi phwong trinh ciia A:y =ax+b.

|-1+b| )
d(1,;A) = Ja?+1
Taco (1;4)=2 < s+l
d(l;A)=d(l,;4) | |-1+b| |-4a—4+b|
JaZ+l  Wai+l
3 —7 3
a=— = =
= ;1 hoac 37 hoac 43
b=— b="- =—
2 12 2

Suyra A:3x—4y+14=0; A:3x—4y—-6=0; A:7x+24y—-74=0
Vay c6 4 tiép tuyén A:X—2=0 A:3x—4y+14=0; A:3x—4y—6=0;Va A:7x+24y—74=0.

Cau 29. Trong mat phang toa do oxy cho duong tron (C,):(x—2)*+(y—3)°=2 va
(C,): (x=1)°+(y—-2)* =8. Viét phuong trinh tiép tuyén chung cua 2 duong tron.
Loi giai:

(C,) c6tam 1,(2;3) vabankinh R =+/2.
(C,) cotam 1,(1;2) vabankinh R, =22.

Taco 1,1, =+2=R,—R, do d6 2 duong tron tiép xuc trong. Nhu vay c6 1 tiép tuyén chung,

Toa do tiép diém cua 2 duong tron 1a nghiém hé

{(X_Z)z Hy-9'=2_ M (3:4).

(x-1)°+(y-2)*=8

Tiép tuyén chung A la duong thang qua M (3;4) va nhan 1,1, =(-L-1) lam vecto phap tuyén
nén c6 phuong trinh A:Xx+y—-7=0.

Cau 30. Trong mat phing (Oxy), cho (C):(x-2)" +(y—1)° =5. Viét phuong trinh tiép tuyén cua (C)
biét tiép tuyén cat Ox; Oy lan Iuot tai A; B sao cho OA=20B
Loi gidi

(C) cotam 1(2;1), ban kinh R=+/5
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2 .. 3 ' o . . OB 1
Tiép tuyén cat Ox; Oy lan luot tai A; B sao cho OA=20B = Tiép tuyén c6 hé s6 goc k = ia = iE .

1 . . 1
Truong hop 1: Véi kK = 5 = Phuong trinh tiép tuyén c6 dang Ay = 5 X+Db

b=
A 1a tiép tuyén cua (C)<d(1;A)=R | o _ o] 2
3 ho 5
2
y==X+—
Suy ra phuong trinh tiép tuyén can tim Ia
y=-X-+
Truong hop 2: VGi kK =—= = Phuong trinh tiép tuyén c6 dang d 1y =—=X+m
9
o |4—2m| b=3
d latiép tuyén cua (C)<d(1;d)=R & —F——={5< .
V5 ho 1
2
9
y=—=X+—
Suy ra phuong trinh tiép tuyén can tim Ia i
=——X——
y 2

Vay c6 4 tiép tuyén thoa man diéu kién.
Cau 31. Trong mat phing (Oxy), cho (C):(x-2)" +(y-1)"=5.Tim M e A:x+y+2=0 sao cho qua

M keé dugc téi (C) hai tiép tuyén MA, MB thoa mén dién tich t gidc MAIB bang 10, véi | 1a tim duong

tron.
Loi gii

(C) cotam 1(2;1), ban kinh R=+/5= Al

Sy = 25 :2.%.AM.AI = AM :%22\/53,\,” _ JAMZ Az =5

AAMI
MeA:ix+y=2=0=>M(a;2-a)
2 2 ) a=>5

Ml =5<(2-a) +(1-a) =25<a’-3a-10=0< Ao o

, . M(5-3)
Vay c6 2 diem thoa man dieu kién .

M (-2;4)
Cau 32. Cho dudng tron (C) c6 phuong trinh X* +y* —6x+2y+6=0 va diém hai diem A(1;-1);B(L3)
a) Chirmg minh rang dlem A thu¢c duong tron, diém B nam ngoai duong tron
b) Viét phuong trinh tlep tuyen cua (C) tai diém A.
¢) Viét phwong trinh tiép tuyén cia (C) ké tir B
Loi giai

Puong tron (C) c6 tam | (3; —1) ban kinh R=+/3*+1-6=2.
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a) Taco: IA=2=R;IB=25>R suyra diém A thuoc dudng tron va diém B nim ngoai dudng tron
b) Tiép tuyén ciia (C) tai diém A nhan 1A= (2; O) lam vecto phap tuyén nén c6 phuong trinh Ia
2(x—1)+0(y+1)=0 hay x=1

¢) Phuong trinh duong thing A di qua B ¢6 dang:

a(x—1)+b(y—3)=0 (véi a*+b*#0) hay ax+by—a-30=0

Dudng thing A 1a tiép tuyén cta duong tron < d(1;A)=R

P WP U PSSP <:>3b2—4ab:0<:{ b=0
«/a2+b2 3b=4a

+Néu b=0, chon a=1 suy ra phuong trinh tiép tuyén la x =1.
+Néu 3b=4a, chon a=23b=4 suy ra phuong trinh tiép tuyén 1a 3x+4y—-15=0
Vay qua A ké duoc hai tiép tuyén véi (C) ¢6 phuong trinh 1a x =1 va 3x+4y—-15=0

Cau 33. Viét phuong trinh tiép tuyén A cia duong tron (C): x* +y? —4x+4y—1=0 trong truong
a) Puong thang A vudng goc véi duong thing A':2x+3y+4=0.
b) Pudng thang A hop véi truc hoanh mot goc 45° .
Loi giai
a) Puong tron (C) co tam 1(2;-2), ban kinh R=3
Vi A L A" nén A nhan U(—3; 2) lam VTPT do d6 phuong trinh ¢c6 dang —3x+2y+c=0
Puong thang A 13 tiép tuyén voi dudng tron (C) khi va chi khi

d(I;A):3©|_5)1_;C| ~3¢c=1043/13

Vay ¢6 hai tiép tuyén 1a A:—3x+2y+10+3y13=0

b) Gia str phwong trinh dudng thang A:ax+by+c=0,a’+b’ =0

Puong thang A 13 tiép tuyén voi duong tron (C) khi va chi khi
2a—-2b+c

d(l ;A):3<:>¥:3<:>(2a—2b+c)2 =9(a’+b*)(»

Ja? +b?

Pudng thang A hop véi truc hoanh mot goc 45° suy ra

cos(A;Ox):L:cos%0 ziea:b hodc a=-b

Ja? +Db? Ja® +b?
THI1: Néu a=b thay vao (*) ta co 18a’ =c? <> +c=32a, chon a=b=1=c =132 suyra
A X+ yiS\/E:O

c:(3\/§—4)a
c:—(3\/§+4)a
Véi c:(3J§—4)a, chon a=1,b:—1,c:(3ﬁ—4):>A: X—Yy+3J2-4=0

TH2: Néu a=-b thay vao (*) ta co 18a* = (4a+ 0)2 S

Véi c=—(3J§+4)a, chon a=1,b=—1,c=—(3J§+4):»A:x—y—3J§—4=o
Viy ¢6 bon duong thing thoa man [a A, : x+y+3y2=0,A,:x—y+34/2-4=0 va
A4:x—y—3\/§—4:0
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Cau 34. Lap phuong trinh tiép tuyén chung cia hai dudng tron sau:
(C):x*+y*—4y-5=0va (C,):x* +y* —6x+8y+16=0.
Loi giai
Dudng tron (C,) ¢6 tam 1,(0;2) bén kinh R, =3
Dudng tron (C,) c6 tam 1,(3;—4) ban kinh R, =3
Goi tiép tuyén chung ctia hai dudng tron c6 phuong trinh A:ax+by+c=0 vdi a?+b? =0
o q . d(l,,A)=3 2b+c|=3Va’ +b* (*¥)

A 1a tiép tuyen chung cua (Cl) va (CZ) @{ e

d(l,,A)=3 [3a—4b+c|=3Va’ +b?

a=2b
Suyra |2b+c|=[3a—4b+c|< . _—3a+2b
2
TH1: Néu a=2bchon a=2,b=1 thay vao (*) ta dugc c=-2+35 néntacé 2 tiép tuyén la
2x+y-2+3/5=0

TH2: Néu ¢ :—3aT+2b thay vao (*) ta duoc |2b—a| =2ya’ +b* < a=0 hoic 3a+4b=0

+Véi a=0=>c=b, chon b=c=1 tadugc A:y+1=0

+Véi 3a+4b=0=c=3b, chon a=4,b=-3,c=-9 taduoc A:4x-3y-9=0

Vay c6 4 tiép tuyén chung cua hai duong tron la: 2x+ y—2i3«/§ =0,y+1=0,4x-3y-9=0.

Cau 35. Trong hé truc Oxy, cho hai duong tron (C,): (x—l)2 +(y—2)2 =2, (C,): (x—4)2 +(y—5)2 =8

va dudng thang d : x+y+m=0. Tim m biét duong thang d tiép xic véi ca hai duong tron (C,) va (C,) .
Loi giai

(C,) cotam 1,(L2), ban kinh R =+/2va (C,) c6 tam 1,(4;5), ban kinh R, =2v2.

Vi duong thang d tiép xdc véi ca hai duong tron (C,) va (C,) néntaco

Im+3]
{( 0-r _|w@ P

Cau 36. Trong mat phang Oxy , cho hinh thoi ABCD ngoai tiép duong tron (C) c6 phuong trinh
(x=2)"+(y+1)" =8 va diém A thuoc duong thing d : x—2y +3=0. Tim toa do céc dinh cua hinh thoi,
biét ring BD =2AC va hoanh do diém A khong nho hon 2.

Loi giai

H
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., , 1
Trong tam giac 1AB co + = = =
g g IA> IB* IH? 41A°> 8

1 5 1 {IA=\/1_0
—

IB=2410
Gid st A(2a-3a) ti {IAj;/l_O:a=2 hay A(L2).Suyra C(3-4)
X, >

Phuong trinh dudng thang BD: x-3y-5=0. Két hop véi IB=ID = 210 = Toa do cac diém B, D Ia
x-3y-5=0 x=8y=1

(x—2)" +(y+1)’ =4o:{x=—4; y=-3

Vay toa d6 cac dinh cuia hinh thoi ABCD 1a A(l; 2), B(8; 1),C (3; —4),D(—4;-3) hoic
A(L2),B(—4-3),C(3,-4),D(81) .

nghiém cua hé phuong trinh {

Cau 37. Trong mat phang véi hé toa do Oxy cho duong thang d : x—y+1=0 va duong tron
(C):x*+y?—2x+4y—-4=0 . Timtoa do diém M ed sao chotir M k¢ duoc hai tiép tuyén MA, MB

thoa mén khoang cach tir N (0;%) dén duong thing AB 1 16n nhét.

Loi giai

Duong tron (C) c6 tam 1 (Z; —2). Tacé diém M thuoc d nén M (a;a+1).
a+l a-1

Goi K trung diémcia  MI thi K(T,TJ

. s : A 1
Vitam giac O MAI, OMBI vudngtai A,B nén KA= KBzzMI

buong tron (C') tdm K ,duong kinh Ml nén c6 phuong trinh
(X_a_”jz +(y_ a—ljz = a’+2a+5 < xi+y’—(a+l)x—(a-1)y-a-2=0
2 2 2
Puong thaing AB 14 giao cua (C)m(C') nén toa do diém A B thoa man hé
X +y°-2x+4y—-4=0
{x2+y2—(a+1)x—(a—1)y—a—2:0

= (1-a)x—(a+3)y-a+2=0

Suy ra duong thang AB c¢6 phuong trinh (1—a) x—(a+3)y—a+2=0 .
Khoang cachtir N dén AB 1

. 7-4 1 [a-14av49 1|34 (2a+3)° | (34
<N;d>‘2\/(1_a)z+(a+3)z_2 28’ +4a+10 21\ |16 2a’+4a+10| 4

J34 3

Maxf(a):T<:>a:——

2
3.1
Viy M| -=;-2|.
iy m(-3-5]

Dang 5: Tim diém théa man diéu kién cho trwéc
Phuong phép tim tap hop cac tdm | cta duong tron (C)

> Budc 1. Tim gid tri ciia m dé ton tai tam 1 .
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) . X _ x=f(m)
> Buoc 2. Timtoado tam | . Gia su: | .
y=g(m)
> Buéc 3. Timméi lién hé gita X va y theo m ta dugc phuong trinh F(x;y)=0.
> Budc 4. Dya vao diéu kién cia m ¢ bude 1 dé giéi han mién cia X hoic vy .
> Buéch. Taphopdiém | 1a F(x;y)=0 clng véi phan gii han ¢ budc 4.
Cau 38. Trong mat phang véi hé toa dd Oxy . Cho duong tron (C):x* +y? —4x—2y—1=0 va duong
thang d:x+y+1= 0. Tim nhitng diém M thudc duong thang d sao cho tir diém M ke duoc dén (C) hai

tiép tuyén hop véi nhau goc 90°.

Loi giai

M thudc d suyra M (t;—1—t). Néu 2 tiép tuyén vudng gboc voi nhau thi MAIB 4 hinh vudng (A ,B a2
tiép diém). Do d6 AB=MI =IAV2 =Ry/2 =6+2=23
Taco: Ml =/(2-t)? +(2+1) =22 +8 =23

t=—v2 > M, (22 -1)

-Dodd: 2t°+8=12 =t?’=2 = .

t=v2->M,(V2;—2-1)

Cau 39. Trong mat phang véi hé truc toa o Oxy, cho dudng tron (C): x*+y* —4x—-2y—-4=0.Goi | Ia
tamva R la ban kinh cia (C). Timtoa do diém M thudc duong thang d :x+y+2=0 sao cho tr M ké
duoc hai tiép tuyén MA,MB dén (C) (A, B Ia céc tiép diém) théa man

a) AB = —12\/3_4
17
b) Tt giac MAIB c6 dién tich bing 6+/2
¢) Tir giac MAIB ¢6 chu vi bang 2(3+2\/§)

d) Tu giac MAIB Ia hinh vudng.
Loi giai
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d

M 1

B
a) Puong tron (C) c6 tam 1(2;1), ban kinh R=3.

AB 6+34

Goi H=MInAB,suyra AH L MI va AH :7: 17

A2 Al

Xét tam giac MAI vuong tai A c6 AH la duong cao nén Ml = = =
HI - JAI? - AH?

Do M ed nén M(m'—2—m).Tacé
MI =17 < \(2-mY’ +(m+3)° =17

=2mP+2m-4=0

[mzl
=
m=-2

Vay M (L-3) hoac M (-2;0).

b) Tacé SAMA,=; AlS 3«/_<:>2AM Al = BJ_QAM—A—{—ZJE.

Suyra Ml =yAM?+Al? =417. Do M ed nén M (m;-2
MI =I7 < \J(2-mY’ +(m+3)° =17

s2mP+2m-4=0

{mzl
&
m=-2

.Taco

Vay M (1; —3) hoac M (—2;0).
C) Tac6 Cypus = MA+ Al +1B+BM =2(MA+ A|):2(3+2J§).
Suyra MA+Al =3+ 242 < MA=3+22-Al =22 .

Do d6 Ml =+ AMZ+ Al2 =/17.

Do M ed nén M(m'—2—m).Tacé

MI=VI7 < y(2-m)’ +(m+3)° =17

s2mP+2m-4=0

[mzl
o

m=-2
Vay M (1; —3) hoac M (—2;0).
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d) Tt giac MAIB 13 hinh vudng nén Ml = IAV2 =3/2.
Do M ed nén M(m'—2—m).Tacé

MI_S\/_@\/Z m m+3) =32

< 2mP+2m-5=0

=—1i\/1_1
2
Viy M[ 1+2J_ 3 \/_J M[—1—2J1_1;—3+2\/1_1J.

Cau 40. Trong mat phang véi hé truc toa o OXy, cho duong tron (C): x* +y? —4x—2y—-4=0. Goi | la
tamva R [a ban kinh cua (C). Tim toa do diém M thudc duong thang d :x+y+2=0 saochotr M ké
duoc hai tiép tuyén MA, MB dén (C) (A, B la céc tiép diém) thoa man :

a) Tam giac MAB vuong,

b) Tam giac MAB déu,

¢) Hai tiép tuyén MA, MB tao v6i nhau mot goc bang 60°,

d) Tam giac IAB déu.
Lo giai
d

B
a) Ta co6 duong tron (C) cotam | (2;1) va ban kinh R=3.

Theo gia thiét Cau toan tam giac MAB vudng can tai M suy ra tir gidc MAIB [a hinh vudng nén

=1AV2=32.

Do M ed nén M(m'—2—m).Tacé

MI_S\/_@\/Z m m+3) =32

< 2mP+2m-5=0

_-1+11
2
Viy M —1+J1_1;—3—J1_1 hosc M —1—J1_1;—3+J1_1 |
2 2 2 2
b) Tam gi4c MAB déu, suy ra AMI =30°.
Xét tam giac MAI vudng tai A, taco MI =— a =2IA=6.
sin AMI

Do M ed nén M (m;-2—-m). Tacé
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MI =6 yf(2-m) +(m+3)° =6

< 2m?+2m-23=0

@mz—li\/ﬁ
2
A —1+/47 —3-47) . —1-/47 -3+/47
Vay M > ; 2 hodac M 2 ; > :

¢) Theo gia thiét ta chia Cau toan thanh 2 truong hop
« Truomg hop 1. AMB =60° = AMAB déu, suy ra AMI =30°,
1A

Xét tam giac MAI vuong tai A, taco Ml =—
sin AMI

=21A=6.

Do M ed nén M (m;-2—-m). Tacé

MI =6 f(2-m) +(m+3)° =6

<2m?+2m-23=0

—1+/47
m=———
2
A —1+/47 -3-J47 ) . —1-47 -3+/47
Vay M ; hodc M ; :
2 2 2 2
« Truong hep 2. AMB =120, suy ra AMI =60°.
Xét tam giac MAI vudng tai A,taco Ml = A _ ZIA:Z\/§.
sinAMI 3

Do M ed nén M (m;—2—-m). Tacé

Mi =243 < \(2-m)’ +(m+3)’ =23

< 2m* +2m+1=0 (v6 nghiém)
Vay khong ton tai diém M thoa méan yéu ciu CAu toan.

d) Tam giac IAB déu, suy ra AIM =30°.

Xeét tam giac MAI vuong tai A, taco Ml = 1A =2|A=2J§.
cosAIM /3

Do M ed nén M(m;—2—m). Tacé
MI =243 < \(2-m)’ +(m+3)’ =243

& 2m° +2m+1=0 (v6 nghiém)
Vay khong ton tai diém M thoa man yéu cau Cau toan.

Cau 41. Trong mit phing vai hé truc toa dd OXy, cho dudong tron (C):(x+2)" +(y—3)" =5 va duong
thang d:x—5y—-4=0.Timtrén (C) vatrén d diém N sao cho

a) Hai diém M,N d6i xtg nhau qua diém A(-T; —l).

b) Hai diém M, N d6i ximg nhau qua OX.
Loi giai
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a)Do N ed nén N(5t+4;t). Piém M ddixtng véi N qua A, suyra M (-18—5t;—2—t).
Mat khac M e(C), nén
(-18-5t+2)" +(-2-t-3)" =5

< 26t2 +170t +276 =0

<t=-3 hoic t=—4—6.
13

Vay ¢6 hai cip diém can tim 1a M (-3,1),N(-11-3) hodc M [_%;i_g) N (_%;_%j .
b) Do N ed nén N(5t+4;t). Diem M doixtmg véi N qua Ox nén M (5t+4;-t).

Mat khac, M €(C) nén

(5t+4+2)2+(—t—3)2 -5

< 26t° +66t+40=0

<:>t=—1hoéct=—§.
13
. \ 48 20 48 20
Vay c¢o6 hai cap diem cantimla: M (-1,1),N(-1L-1) hoac M| ——;— |,N| ——;—— |.
ay c6 hai cip diém can tim 1a (-11),N (-1 -1) hoac ( 13 13} ( 13 lBj

Cau 42. Trong mat phang véi hé truc toa do OXy, cho dudng tron (C): (x—2)2 +(y—2)2 =5 va duong
thang d:2x+y+4=0.Timtrén (C) diém M vatrén d diém N sao cho

a) MN c6 d6 dai nho nhit.

b) MN co6 do dai 16n nhat.
Loi giai
Puong tron (C) ¢6 tam 1(2;2), ban kinh R=+/5. Ta c6

a(1:0) =244 55 R.

Ja+1

Do d6 d khong cét (C)

Goi My, M, la dudng kinh ciia dudng tron (C) va vudng goc véi d . Ta thiy véi M 1a mot diém

bét ky thudc (C) thi

min{d(M,,d);d(M,,d)}<d(M,d)<max{d(M,,d);d(M,,d)}.

Dau bang xay ra khi M =M, hoic M =M,

Puong thang MM, di qua tdm | va vudng goc véi d nén c6 phuong trinh X—2y+2=0.
X—2y+2=0 x=0_ _ [x=4

a2y -5 {

Suyra M,(0;1),M,(4;3). Tacé d(M,,d)=+5 va d(M,,d)=35.

Toa do diém M can tim Ia hinh chiéu vudng goc cua tam | trén d.

2X+y+4=0 X=-2

x—2y+2=0®{y:0 '

a) Voi Ml(O;l) va N (—2;0) thda man yéu cAu CAu toan 1a nho nhét.

Toa do diém M,, M, thoa man h¢ {

Do d6 toa o diém N 1a nghiém ciia hé phuong trinh {

b) Vai M, (4; 3) va N (—2; O) thda man yéu cAu CAu toéan 1 16n nhét.
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Cau 43. Trong mit phang véi hé truc toa dd Oxy, cho dudng thing d : x—5y—2=0 va duong tron

(C):x*+y*+2x—4y—8=0. Xac dinh toa d¢ c4c giao diém A, B cua duong tron (C) va duong thang d

biét A c6 hoanh do duong. Tim toa d¢ diém C thugc (C) sao cho tam gidc ABC vudng 6 B.

Céau 44.

Léi giai

C d

B

A
Dudng tron (C) c6 tam 1(-1;2), ban kinh R - J13.

Toa do giao diém ciia A va B 1a nghiém ctia hé

{X=2
2 2 _ _q_ =0
X“+y +2x—4y-8 0<:> y

X-5y-2=0 {x:—B

Do A c6 hoanh d duong nén ta chon A(2;0),B(-3; —1).

Theo gia thiét, taco ABC =90° nén AC l1a duong kinh cia dudng tron, tire diém C dbi xtung voi
diém A quatam I, suyra C(—4;4).

Trong mit phang véi hé truc toa do OXxy, cho duong thang d :3x—y—7 =0 va dudng tron

(C):(x-1)" +(y—2)" =10. Ching minh (d) cét (C) tai hai diém phan biét A,B. Tim toa d6 diém C

thuoc (C) sao cho tam gidc ABC cén tai C

Loi gii
d
B
C
CJ’
A
Puong tron (C) ¢6 tam I(L‘Z),bén kinh R=+/10. Taco
3-2-7]
d(l,d = <R.
(1.d)= Jo+1 Jl_o

Diéu d6 chimg to d cét (C) tai hai diém phan biét A,B.
Vi AB la day cung cua (C) nén duong trung tryc A cta doan thing AB quatam | va vuéng

goc véi d nén A:x+3y—-7=0.
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Tam giac ABC can tai C nén C thugc A. Honnita C thudc (C) nén toa do diém C thoa min hé

X=-2

X+3y-7=0 {y=3
{(x—1)2+(y—2)2=10<:> X =4
Lo

Vay C(-2;3) hodc C (4; 1) thoa méan yéu ciu CAu toan.

Cau 45. Trong mat phing véi hé truc toa do Oxy, cho dudng tron (C): x* +y* +4x+4y+6=0 va duong
thang d:x+my-2m+3=0.Goi | lamtamcua (C). Tim m d¢ d cit (C) tai hai diém phan bi¢t A, B
thoa man :

a) AB 16n nhat.

b) AB=2.

¢) Dién tich AIAB 16n nhét.

d) Dién tich AIAB bang ? va AB 16n nhit.
Loi giai
a) Duong tron (C) co tam |(-2;,-2), bankinh R=+/2.
Day cung AB 16n nhit khi va chi khi AB 1a duong kinh cta (C) nghia 14 dudng thang d di qua

tam | nén —2—2m—2m+3:0<:>m=%.

1 s )
Vay m= 2 la gia tri can tim thoa yéu cau Cau toan.

d

d(1,d)=d(1,AB)=1IH = RZ—(—T =1

|-2-2m-2m+3| 1
J1+m?
< [L-4m| =1+ m?

<15m*-8m=0

b) Goi H Ia trung diém AB.Khido IH L AB nén <

< m=0 hoac ng.
15

Vay m=0 hoac m= 1 14 cac gia tri can tim thoa min yéu cau Cau toan.

Trang 29



d A_~H B

c) d cit (C) tai hai diém phan biét khi d(1,d)<R

|2-2m-2m+3| 7 >
o < 2c>|1—4m|<\/2+2m
J1+m?

< 14mP-8m-1<0 <

4—\/%<m<4+\/%.
14 14
Goi H 1atrung diém AB,suyra IH L AB.
Taco S, :% IA.1B.sin AIB=%.R2.sin AIB =sin AIB .

Do d6 S, 55 16n nhét khi sin AIB 16n nhat <> sin AIB =1<> AIB = 90°
m=0
=led(ld)=1le 8
m:_
15

4_1:{%<m<4+@'

14

Khi d6 tam giac 1AB vudng cantai | nén IH =

olb=

d) B¢ d cét (C) tai hai diém phan biét khi d (1,d) <R <
Goi H 1atrung diém AB, suyra IH L AB. Theo gia thiét Cau toan, ta c6

AIB =60°
ﬁ =S, 1 IA.1B.sin AIB =£.R2.sin AIB =sin AIB <

2 2 2 AIB =120°
Mit khéc, theo gia thiét AB 16n nhit nén AIB =120°. Suyra IAH =30°.

Trong tam giac vuéng 1AH ,tacé IH =I1Asin IAH =\/§.%:g nén

@d(l’d):£©|—2—2m—2m+3|:£

2 V1+m? 2

o 2[1-4m[=1+m? & 31m* -16m+1=0 = m=

Sy

8+
31

8+t
31

&

Déi chiéu diéu kién dé d cét (C) tai hai diém phan biét ta dwgc m =

Cau 46. Trong mit phing vai hé truc toa dd OXy, cho dwong tron (C):(x—1)" +(y+2)° =9 va duong
thang d :3x—4y+m=0. Tim m dé trén duong thang d c6 duy nhat mot diém P ma tir 6 co thé ké duoc
hai tiép tuyén PA,PB téi (C) (A, B lacéc tiép diém) sao cho :

a) Tam giac PAB déu.

b) Tam giac PAB vuéng.

¢) Goc giita hai tiép tuyén PA,PB bang 60°.
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Loi giai
d
A

B
a) Puong tron (C) c6 tam |(1-2), ban kinh R=3.
Tam giac PAB déu nén APB =60°, suy ra API =30°.
Xét tam giac APl vudng tai A, ta co:
1A

sin API
Do d6 P thudc duong tron (C') cotam |, bankinh R'=1P=6.

IP= =2IA=6.

Mit khac, dé trén d c6 duy nhat mot diém P théa yéu ciu Cau toén thi d tiép xic véi (C') nén

,[3+8+m|
=N

\J9+16

Vay m=-19 hoic m=—41 14 gi4 trj can tim thoa yéu cau Ciu toan.

d(l,d)=R =6< m=19 hoic m=-41.

b) Tam giac PAB vuéng, suy ra APB =90°. Do do, t giac PAIB 1a hinh vuéng, suy ra

IP=1AV2 =RJ/2=3/2.

Do d6 P thudc dudng tron (C') c6tam |, ban kinh R'= 1P =32.

Mit khéc, d¢ trén d c6 duy nhat mt diém P thoa yéu cau bai toan thi d tiép xtc véi (C') nén

d(1,d)= R e 18T
J9+16

Vay m=-11+152 1a gia tri can tim théa yéu cau Cau toan.

¢) Truong hop 1: APB=60° (dd lam & trén)

Truong hop 2: APB=120°, suy ra APl =60°.

—3J2 &om=-11+15\2.

Xét tam giac APl vuong tai A, taco IP=— 1A =%:2\/§.
sinAPI /3

Do d6 P thude duong tron (C') c6 tam 1, bén kinh R'= 1P =24/3.

Miat khéc, dé trén d c6 duy nhat mot diém P thoa yéu cau Céu toan thi d tiép xtc voi (C ) nén
3+8+m
d(l,d):R'<:>—| |
J9+16

Vay m=19 hoac m=-41 hoac m= —11i10\/§ 14 gia tri can tim thoa yéu cau Cu toan.

=23 = m=-11+103.

Dang 6. Tim quy tich tAm dwong tron
Phwong phap:
Phuong phép tim tap hop cac tim | cta duong tron (C)

> Budc 1. Tim gid tri ciia m dé ton tai tam 1 .
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) . X _ x=f(m)
> Buoc 2. Timtoado tam | . Gia su: | .
y=g(m)
> Budc 3. Timmébi lién hé gitta X va y theo m ta dwoc phuong trinh F(xy)=0.
> Budc 4. Dua vao diéu kién cia m ¢ budc 1 dé giéi han mién cua X hoic y .
» Buoch. Taphopdiem | 1a F(x;y)=0 cling véi phan giéi han & budc 4.
Cau 47. Trong mat phang OXxy, cho phuong trinh dudng cong (C) ¢6 phuong trinh:
x> +y? —2mx—4(m+1)y+3m+14=0.
a) Tim tham s6 m d¢ (C) la duong tron.
b) Tim quy tich diém | Ia tAm cua duong tron (C).
Léi giai
a) Tim tham s6 m d¢ (C) la duong tron.
DY ‘A A \ \ \ 2 2 2 m >1
bicu kién dé (C)la dwong tron : m*+4(m+1)"-3m-14>0<5m’ +5m-10>0< 5 (1)
m<—
b) Tim quy tich diém | Ia tAm cua duong tron (C).

X, =m

Tam I(m;2m+2):>{ Sy, =2x+2.

y, =2m+2
Theo diéu kién (1) (cdu a), ta duoc quy tich tam I cua (C) la mot phan duong thang co phuong
trinh : y =2X+2 Gng vai Xx<-2;x>1.
Cau 48. Trong mat phang Oxy, tim quy tich diém 1 13 tdm cua dudng tron (C), biét (C)tiép xtc véi
duong thang d :6x—8y+15=0 va cd ban kinh R=3.
Loi giai

Goi tam 1(x,;y, ) cta duong tron (C).
(C)tiép xdc véi duong thang d :6x—8y+15=0 va c6 ban kinh R =3, nén:

|6x, —8y, +15| 3 {BX, ~8y, -15=0

d(l.d)=Re=——, 6x, —8Y, +45=0
| —8Y, +45=

Quy tich tam | cta duong tron (C) 1a hai duong thang song song c6 phuong trinh :

6x—-8y—-15=0 va 6x—-8y+45=0.

Cau 49. Trong mat phang Oxy, tim quy tich diém 1 13 tdm cta dudng tron (C) c6 ban kinh R =2, biét
(C)tiép xdc tiép xdc véi duong tron (C'): x* +y* —4x+6y—3=0.

Loi giai

Goi tam 1(x,;y, ) cta duong tron (C).
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1'(2,-3)

va c6 ban kinh R=2, nén:

(C)tiép xtic véi (C){
I'=R+R'<(x, —2) +(y, +3) = 36.

Vay quy tich tam | cta duong tron (C) la dudng tron c6 phuong trinh :
(x—2)° +(y+3) =36
Cau 50. Trong mat phang Oxy, tim quy tich diém 1 1a tdm cua dudng tron (C), biét (C) tiép xtc véi hai

duong thang d, :2x+3y—-6=0, d,:3x-2y+9=0.
Loi giai

Goi tam 1(x,;y, ) cta duong tron (C).
(C)tiép xdc véi hai dudng thang d, :2x+3y—6=0, d,:3x—2y+9=0, nén:

2x, =3y, +6| [3x,—2y,+9] [x +y, +3=0
d(l,d;)=d(I,d = :
( l) ( 2)<:> /13 [13 g X|_y|+3:O

Quy tich tam | cta duong tron (C) 1a hai duong thang vudng gbc c6 phuong trinh :

X+Yy+3=0va x-y+3=0.
Cau 51. Trong mat phang Oxy , tim quy tich diém | 1a tdm cua duong tron (C), biét (C)tiép xac véi Ox
va cét Oy tai diém A(0;1).

Loi giai

Goi tam 1(x,;y, ) cta duong tron (C).
(C)tiép xc v6i Ox va cit Oy tai diém A(0;1) nén:

1 1
d(l,OX)=A| <:>|y,|=\/x,2+(y| _1)2 <Y, :§X|2+E-

LA R 1 1
Quy tich tdm | cua duong tron (C) la duong Parabol c6 phuong trinh : y = > X2+ 5

Cau52. Cho (C):x%+ y2- 2mx- 2m?y- 1= 0. Tim quy tich tdm | cua duong tron(C).

Loi giai
(C) c6 dang x>+ y?- 2ax- 2by+c=0 véi a= mb=m?c=-1
, ‘ N 22 N2 (2 Y
la phuong trinh duong tron U a“+b“- ¢>0 U m +(m ) +1>0

U m*+m?+1>0 (Ld"m)

¥x, =m
Khi do, (C)cé tam I

i Py = X,2 (*) .Toa do tamI théa man (*) .
yi=m

2

Vay | nam trén Parabol c6 phuong trinh y = x2
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Cau 53. Tim tap hop tdm | cia duong tron (C) biét (C) tiép xuc véi 2 duong thang D, : x+ 2y- 3= 0
va D, :x+ 2y+ 6= 0.
Loi giai
(C)cotam 1(x;;y,) - Theo gia thiét d(1;D,)= d(I;D,)
Xi- 2y,- 3 _ [Xi- 2y, + 6]
N N
U |x - 2y,- 3=x,- 2y, + 6§
U 2x, - 4y, - 9= 0(*). Toa dd tam | (x,;y, ) théa man (¥)
Vay tam | nam trén duong thang 2x- 4y- 9= 0.

A

Cau 54. Cho duong tron (C): x*+ y?- 2(m- 1)x- 4my+ 3m+ 11= 0. Tim quy tich tim | cua duong
tron.
Loi giai
(C) c6 dang x?+ y?- 2ax- 2by+c=0 véi a= m- Lb= 2m;c= 3m+ 11
1a phuong trinh duong tron U a+ b?- ¢> 0 U (m- 1)2+ (2m)2- (Bm+11)>0

. . > 2
U 5m?- 5m- 10> 00 &
gn<-1
. o ixy=m-1
Khi d6, (C)co tam Ii o b 2X,- y,+2=0(*) .Toadd tam | théaman (*).
Yi =

Vi diéu kién gn> 2 b éw '
8T1< -1 9(< -2

Vay | nam trén dudng thang 2x- y+ 2= 0 v6i x> 1 hodc X< - 2
Cau 55. Tim tap hop tdm I cta duong tron (C) biét (C) tiép xtc ngoai véi duong tron
(CH:x*+ y?- 4x+ 6y- 3= 0vaco bankinh R=1.

Loi giai

(CQ cotam 14(2;- 3) va ban kinh Re= 4

(C)cotam 1(x;y,) vabankinh R=1

Theo gia thiét ta co 11¢= R+ R¢U ll¢=50 I1E = 25

U (- 2F+(n+3°=25(
Toadd tam 1(x;;y,) thoa man (*)

Vay quy tich tim | duong tron (x- 2)° + (y+ 3) = 25.
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