QUAN HE VUONG GOC
TRONG KHONG GIAN

BAI @ HAI PUONG THANG VUONG GOC
3

I Y LY THUYET CAN NHO

Goc giira hai dwong thang

Goc giira hai duong thang m,n trong khong gian, ki hiéu (m, n) , 1a gbc gitra hai duong thang a va b cing
di qua mot diém va tuong ng song song véi m va n.

Chu y:

Pé xac dinh goc giira hai dudong thang a va b ta co thé 1y diém O thudc duong thang a va qua do ké
dudng thang b’ song song véi b . Khi d6 (a,b)=(a,b’).

Véi hai duong thang a va b batki: 0°<(a,b)<90°.

Hai dwong thang vudng goc

Hai duong thang a va b dugc goi 1a vudng goc véi nhau, ki hidu a L b, néu goc giira chung bang 90°.



BN PHAN LOAI VA PHUONG PHAP GIAI TOAN

2 Dang 1: Xac dinh géc gilta hai dudng thang

Dé tinh s6 do clia géc giita hai duong thang (d,) va (d,) ta cé thé thuc hién tinh thong qua géc giita hai
duodng thang cét nhau lan luot song song v6i hai duong thing da cho.
(d,,d,)=«

=(d,,d,)=(d,,d,)=
d,//d, (1 2) (1 3) o

Buéc 1: St dung tinh chat sau: {

Buéc 2: Ap dung dinh 1i cosin trong tam giac dé xac dinh goc.

Dé tinh goc giira hai duong thang trong khong gian ta can nhé cac cong thirc sau:

AB? + AC*-BC?

e Dinh Iy ham s6 cosin trong tam giac ABC : cosBAC =

2.AB.AC
2 2 _ 2 2 2 3 )
e Tuong tuta cé: cosABC = SA TBC ZAC \y cosacg = SA LB —ABT

Viduy 1: Cho hinh chép S.ABC c6 ddy 1a tam gidc déu canh a, SA L (ABC)va SA= av/3.Goi M, N

lan luot 1 trung diém ABva SC . Tinh cosin cta goc giita hai dudng thang AN va CM .
& Loi giai

S

Dung hinh binh hanh AMCE suy ra AM =CE =—.

Khi d6 AE//CM :(AN;CM)z(AN;AE)zgo.

a3

Mit khac SC =+/SA? + AC? =2a = ANz%:acAE=CM ==

Do AABCdéunén CM L AM — AMCE la hinh chit nhat.
Khi d6 CE 1L AE ma CEJ_SA:>CEL(SAE):>CEJ_SE.

. 1
Tam giac ASEC vuong tai E c6 duong trung tuyén EN = ESC =a.

2 2 NE2
Ta co: COSNAE:AI\I +AE"—NE :£>O:>cos¢:ﬁ
2.AN.AE 4 4



Vidu 2: Cho hinh chép S.ABC c6 SA=SB=SC=AB=a; AC= av/2 va BC =a+/3. Tinh cosin goc
giita hai dudng thing SC va AB.

& Loi giai

Goi M, N, P lan luot 1a trung diém SA, SB va AC.

MP//SC
Khi do — (SC; AB) = (MP;MN). Khi dé ta c6: MN = 2 =&, \p =3¢ _ 2
MN //AB 2 2 22
AC av2
Mat khac ASAC vudng tai S = SP = - = T\/_

_BA’+BC? AC’_3, a6
2 4 2 -
2 2 2
PS?+PB® SB =§a2:>NP=@.
2 4 2

MN?+MP?-NP* 1
2+MN =5 = NMP =120° p = (SC; AB) = 60°.

BP? = BP

Suy ra PN? =

Khi d6 cosNMP =

Vidu 3: Cho hinh chop S.ABCD c6 day 1a hinh vuong ABCD canh 2a, SA_L(ABCD) va SB = a5

Goi M 1a trung diém AB va N 1a trung diém BC . Tinh cosin goc giita hai duong thang SM va
DN .
& Loi gidi

S

Do SAL(ABCD). Tacé: SA=+/SB* - AB® =a.

Goi E 1a trung diém cua AD va | 1a trung diém AE .
D@ thiy BNDE 12 hinh binh hanh va MI 1a duong trung binh trong tam giac ABE .



Vi du 4:

Vidu 5

Khi d6: DN//BE//MI nén ta c6: AM = a; Al :%zg.

< L1s 2 2 2 2. o2 58’ 2 2 ,_5a’
Mait khac: SM “ = SA” + AM “ =2a“; SI =T:MI =Al“+ AM =
SM2+MIZ-SI? 10

2.SM .MlI 5

Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh chit nhat c6 AB =a; AD = aﬁ, SA L (ABCD)
va SA=2a.
a) Tinh cosin goc giita hai dudong thang BC va SD.

Do vay cosSMI = =cos(SM;DN)

b) Goi | 1a trung diém ctia CD . Tinh cosin goc giita hai dudong thang SB va Al .
& Loi gidi

S

a) Do BC//AD = (SD;BC) =(SD; AD) = SDA

AD AD 1
ASAD vuong tai A = cosSDA = = =——=.
SO JaD?1sa? 3
b) Goi M, K 1an luot 13 trung diém cta AB va SAthi MK 1 dudng trung binh cta tam giac
SAB . Khi d6 MK//SB, mat khac MC//Al .

Suy ra (SB;Al) =(MK;CM).

- MC = MBZ+BCZ:3§;KC: KA? + AC? =2a.

SB_VSA’+AB® a5
2 2 2
2 2 we?2
KM”+MC”—Ke™_ 1 :cos(SB;AI):i.
2. KM.MC 35 35

Cho hinh chép S.ABCD c¢6 day la hinh thoi canh a, ABC =60°. Tam gidc SAB can tai Sva
thudc mit phang vudng goc voi day. Biét rang SC tao v6i ddy mot goc 30°. Tinh cosin ciia goc

Ta co: MK =

Khi d6 cosKMC =

gitra
a) SDva BC.
b) DH va SC vé6i H 1a chan duong cao ha tir S xubng mit day (ABCD).

& Loi giai



a) Do AB = BC =a, ABC = 60° = AABC déu canh a.

Goi H 1 trung diém cua AB, do tam gidc SABtai Snén SH L AB.
(SAB) L (ABCD)

Mat khac
AB =(SAB)(ABCD)

a3
> (sC

= SH L (ABC).

AABC déunén CH = ;(ABC))=SCH =30°

Ta c6: SH = HC tan30°=—

Do ABC = 60° = BAD =120° = HD =+/AH?2 + AD? — 2AH .AD c0s120° =

ax/_

Suyra SA=+/SH? + HA? =222 SD =+/SH? + HD? = aV/2.

a7
-

DS® + DA* -SA? 52

Mit khac AD//BC = (BC;SD)=(AD;SD),cos SDA = =
2.DS.DA 8

Do vay COS( BC,; SD) 5\/_
DH //BI

b) Goi | 1a trung diém CD =
DH 1 =&Y

MI //SC
Goi M la trung diém SD = \y _SC _a-LaicoBD= av/3;SB =SH? + HB? =
2 2

2 2 2 ) 2_ )
Dodo BM? < BD7¥BST SD® 5, o MIZ+IB-MB® 317
2 4 4 2.IM.IB 12

317

Suy ra cos(DH;SC):T.

Vidu 6: Cho hinh chop S.ABCD c6 day la hinh thang vudng tai Ava Bco AD=2AB =2CD =2a va
SA L (ABCD). Biét rang SC tao véi ddy mot géc 60°. Tinh cosin géc giita:

a) BC va SD.



b) Al va SDvéi | 1a trung diém CD
& Loi giai

S

a) Ta co: AC =+/AB? + BC® =av2. Do SA L (ABCD) = (SC;(ABC))=SCA =60°.

Khi d6 SA= ACtan60°=a+/6. Do AD//BC = (BC;SD)=(AD;SD).

Mit khac cos ADS = AD _ AD = 2a = V10 =cos(BC;SD).
SD \/sA2+ AD? /6a? +4a’
M1 //SD
7 a/10 sC
b) Goi M 14 trung diém SC = Al = AM =22 —a2.
) G £ M =3P _ ay/10 2 2
2 2
2 2 2
Khi d6 cosMIA= A~ FIM”—AM?” _ 3
2.1AIM 5

Vidu 7: Cho hinh ling tru ABC.A'B'C’ c6 déy la tam giac déu canh a, hinh chiéu cia diém A’ xubng
mit ddy (ABC)tring véi trung diém ctia BC . Biét canh bén tao v6i mat ddy mot goc 60°.
a) Tinh tan goc tao béi B'C" va A'C.
b) Cosin goc tao boi CC' va AB.
& Loi giai

Bj c’

A
a) Goi H 1a trung diém BC . Ta c6: BC//B'C' = (B'C';AC)=(BC;AC)=ACH .

Mit khac AH L (ABC)=>(AA’;(ABC))= A’AH =60°.



Vidu 8:

a\/§ 3a

Khi do: AH :T: A'H=AH tan60°=?.

!

: A'H
Xét tam giac vuong A'HC ta c6 tan A'CH = e

=3. Vay tan(B'C’; AC) =3.

b) Do CC'//AA = (CC'; AB) = (AA; AB). Taco: AA=VAH?+HA? =a3

12 2_ D2
av10 _ yag_ AAZ+AB- AB zﬁ.
2 2.AA.AB 4

B3

Vay cos(CC'; AB) =

AB=+AH?+HB? =

Cho tir dién ABCD c6 AB vudng géc véi mit phang (BCD). Biét tam gidc BCD vudng tai C

a6

va AB = — AC =a+/2,CD=a. Goi E 1a trung diém cia AC (tham khao hinh v& bén). Tinh

goc giira hai duong thang ABva DE .

A

C
& Loi gidi

A

C

Goi H 1a trung diém ctia BC khi d6: EH //AB = EH L (BCD)= EH L HD.
AB 6

Suy ra (AB;DE)=(EH;DE). Ta c6: HE=7=¥,BC= AC? - AB® :#

— DH =yDC? + CH? :Saf nén tan DEH :%:ﬁ: DEH =60°.

Vay (AB;DE)=(EH;DE)= DEH =60°.



Vidu 9: Cho tirdién ABCD c6 AB vudng goc v6i mit phiang (BCD). Biét tam gidc BCD vudng tai C

a/6

va AB === AC = av/2,CD =a. Goi E la trung diém ctia AC (tham khao hinh v& bén). Tinh

goc giita hai dudng thang AB va CE.

A

C
& Loi giai

A

C

Goi H 1a trung diém BD = EH //AB = EH L (BCD)

av'2
Vay EH L CH ,taco BC = AC? — AB? :T\/_

Suy ra BD =+/BC? + CD? =%:>CH :%:¥

E=¥=CH

Laico EH = 5 = AEHC vuobng céan tai H

Do d6 (AB;CE)=(EH;CE)=CEH =45°,

Vi du 10: Cho tir dién ABCD c¢6 AB =6, CD =3, goc giita AB va CD la 60°va diém M trén BC sao
cho BM =2MC . Mit phang (P) qua M song song véi AB va CD cit AC,AD,BD lan luot
tai N,P,Q. Dién tich MNPQ bfmg

& Loi giai




DoMN//AB,theodinhlyTalettacéwzc—le:>MN:E:Z
AB CB 3 3
Tuongtl_rMQ//CD:>M—Q=%:Z:>MQ:ECD:2
CD BC 3 3

Lai ¢ MN //AB, MQ//CD = (MN;MQ) = ( AB;CD) = 60°

Khi d6 Syeq = 2Sung = MN.MQsin(MN;MQ) = 2.2.sin60° = 24/3 .
Vi du 11: Cho ti dién ABCD c¢6 AB vudng goc voi CD, AB=4, CD=6. M 1a diém thudc canh BC
sao cho MC =2BM . Mit phang (P) qua M song song véi AB va CD. Dién tich thiét dién

cua (P) véi tir dién 1a

& Loi giai

Mt phang (P) qua M song song v6i AB va CD cit AC,AD,BD lan lugt tai N,P,Q.

DoMN//AB,theodinhlj/Talettacc')wzC—M:E:>MN:2ﬁ:§
AB CB 3 3 3
TuongtuMQ//CD:M—Q=%:E:>MQ:1CD:2
ChD BC 3 3
Laico MN//AB, MQ//CD:>(MN;MQ)=(AB;CD)=9OO
8 16

Khi d6 Synpg = 28y = MN.MQsin(MN;MQ) = .2.5in90° ==,

Vi du 12: Cho hinh ling try tam giac déu ABC.A'B'C’ ¢6 AB=a va AA = av2. Goc gitta hai duong
thang AB’ va BC' bang

£ Loi giai
A c
B
S B v -y
E

Goi E 1a diém thudéc A'B’ sao cho B'A'=B'E



Ta c6 ABEB’ 1a hinh binh hanh nén AB’//BE
Lai c6 A'E =2a, B'C’ :%A’E = AEA'C’ vuong tai C’
Khi d6 C'E =+ AE2 - AC'? =a+/3, BE = AB'=a+/3 BC'=+/BB? + C'B'2 = ay/3 = ABEC’

1a tam giac déu.
Do d6 (AB’;BC') = (BE;BC’)=EBC' =60°.

Dang 2: Chiing minh hai dudng thang vuéng géc



. a
Moi quan h¢ gitra quan h¢ song song va vuong goc: { N ——>clb
clLa

Vi du 13: Cho hinh chép S.ABC c6 AB = AC, SAC = SAB. Chung minh SA vudng goc véi BC.
£ Loi giai

S

B
Vi AB = AC, SAC =SAB nén ASAC = ASAB, suy ra SB = SC, nén hai tam gidc ABC va
AH 1 BC

= (SAH) L BC nén
SH L BC

SBC 1a tam giac can. Goi H 1a trung diém BC, ta c6 {
SA 1 BC = (SA,BC)=90°. Viy SA L BC

Vi du 14: Cho hinh hop ABCD.MNPQ c6 sau mit déu 1a cac hinh vudng. Goi E, F 1an luot 13 trung
diém ciia AB va BC.
a) Chirng minh: EF 1 BD, EF L AM .
b) Tinh goc gitra EF va AQ.

& Loi giai
B F C
E :
A ; D
NN foe P
ML

a) Ching minh: EF 1. BD, EF L AM .

Ta thiy: EF la duong trung binh ciia AABC

{AC 1 BD

= EF// AC ma: AN nén EF L BD,EF 1L AM

b) Tinh goc gitta EF va AQ.



Ta co: EF// AC = (EF,AQ)=(AC,AQ)=CAQ.
Nhan thdy: AC=AQ=CQ=a+2.
= AACQ déunén CAQ =60° = (EF, AQ)=CAQ =60°.

Vi du 15: Cho hinh chép S.ABC c6 SA=SB=SC va ASB=BSC =CSA. Chiing minh rang SA 1 BC,
SB 1L AC va SC L AB.

& Loi giai

A

(&

Qua O v& duong thang song song voi CD cat BC tai E vacat BD tai F .

Ta cin ching minh AO 1L EF . Tac6é AOE = (AO,CD).

Vi EF //CD nén BEF la tam gidc déu nén BE = BF va OE = OF . (1) Xét hai tam gidc ABE
va ABF,taco

AB chung
BE=BF  nén AABE =AABF (c—g-c).Suyra AE = AF . (2)
ABE = ABF

Tur (1) va (2), suy ratam giac AEF cantai A ¢6 AO 1a trung tuyén nén ciing 1a dudng cao.

Do d6 AOE =90°. Vay AO L CD.

BN BAITAP TY LUYEN



Cau 1:

Cau 2:

Cau 3:

Cho hinh hdp chir nhat ABCD.A'B'C'D’ ¢c6 AB=AD = \/5, AA'=2 . Tinh cosin goc gitta hai
duong thang AB’ va CD'.

& Loi giai
4 D'
/
. /I o
N / ;
N
o}\ |
/N
A Y
/ e
///
B C

Ta co: CD'// A'B nén (AB',CD’)=(AB',A'B) va goi O la giao diém cua AB’ va A'B.

Ta co: OAzOB:%AB’:%\/2+ =§.

6 6
2 2 ap2 —t+- -2
Suy ra: cosAOB:OA FOB —AB" 4 4 :l_vjy cos(AB’,CD'):E,
20A0B 2@ J6 3 3
22

Cho liang tru déu ABC.A'B'C’cé tit ca cac canh bang a. Goi M, N lan luot 13 trung diém caa
cac canh AB,B'C’. Goi a 1a goc gitta hai dudong thang AC, MN. Tinh tan« .
£ Loi giai

A C

Bf

Goi P 1a trung diém A'B’ khi d6 ta co AC//PN .

Do d6 goc giita hai duong thang AC,MN chinh 14 goc giita duong thang MN, PN .

Tic 1a (AC,MN) =(MN,PN ) =a.

a5
2

Trong tam giac vuong MPN c6: MP = AA'=a, PN 22 suy ra MN =

Vay tana =tan MNsz:Z.
PN

Cho hinh chép tir giac déu S.ABCD c¢6 SA= AB = a. Tinh goc giita hai duong thang SA va CD
& Loi giai



Ta c6 CD// AB do d6 goc giita SA va CD bang goc giira SA va AB bing goc SAB

Do S.ABCD 14 hinh chop ttr giac déu c6 SA= AB nén L SAB 1a tam giac déu, do d6

SAB =60°.
Vay goc giita SA va CD bang 60°.

Cho hinh chop S.ABCD c¢6 ABCD 14 hinh chit nhat. Biét AB=a+/2, AD=2a, SA L (ABCD)

va SA=a+/2 . Goc giita hai dudng thing SC va AB bang
& Loi giai
s

Goc gitra dudng thang SC va AB bang goc giita hai duong thing SC va CD.
Mat khac: CD L SA,CD L. AD nén CD 1L SD hay tam giac SCD vudng tai D.

cosSCD = CD AB a\/§ l

SC Jsa?+AC? 2a®+2a’+4a> 2
Suy ra goc SCD =60° nén goc giita duong thang SC va AB bang 60°.
Cho hinh lap phuong ABCD.A'B'C'D’ . Tinh géc giita hai duong thang

a) AB va B'C b) AC va AD.
& Lo gii
A' D'
/1 \\\
B’ /! >,
T q
I 4 ~
/ ______\
7D
/ 7/ —
l/ -
/’/"




Theo tinh chét hinh lap phuong ta co6: B'C//A'D .
Do d6 goc giita hai duong thing A'B va B'C la: gbc giita hai duong thing A'B va AD.
Ma tam giac A'BD la tam gidc déu nén: (A'B,B'C)=(A'B,A'D)=60"

b) AC va AD.

D = \\(1
Do AC//A'C' nén goc giita AC va A'D bang goc giita A'C’' va AD.

Do ABCD.A'B'C'D’ 13 hinh lap phuong nén tam giac A'C'D 1a tam giac déu.
Suy ra (AC, AD)=(A'C’,AD)=DA'C'=60°.

Cho hinh chép S.ABCD c6 day ABCD 1a hinh vuéng, SA L (ABCD). Goi H 14 hinh chiéu

vudng goc cua A trén SD . Cho SA= a\/é; ABCD 1a hinh vuéng canh a. Goi G;;G, 1an luot 1a
trong tim ABCD va ASCD. Tinh goc giita hai duong thing CD va GG, .
& Loi gidi
S

Goi | 1a trung diém cua CD.

16 _1
IB 3 IG, IG,
.. > —=—-=0GG,//SB
Trong ASBI ta co: 16, 1 B 1S 19, )
IS 3

Vi ABCD 1a hinh vuong nén CD//AB .
Vay goc giita hai duong thang CD va G,G, 1a goc giita hai duong thang AB va SB.

Vi ASAB vuodng tai A nén goc giira hai duong thang AB va SB 1a SBA.



Cau 7:

Cau 8:

A
Suy ra ensBA= 2 -3 _ 5 spa_e0e,

AB a
Cho hinh chép S.ABCD c¢6 day la hinh chir nhat AB=2a, BC= a\/i, SA=a va
SA_L(ABCD). Goi M Ila trung diém SD. Tinh tana voi a gbc giira hai duong thing SA va
CM.

& Loi giai

Goi N 1a trung diém ctia AD, khi d6 MN//SA nén (SA,CM)=(MN,CM)=CMN =¢ .

2 2

2
co M -S4 -2, CNMJ(LQ c(ay B

Tam gidc MNC vudng tai N nénta co tana = I\’\/II_E = g =32.
2
Hinh chép S.ABC c6 SA, SB, SC d6i mot vuong goc véi nhau va SA=SB=SC . Goi | 1a trung

diém cua AB . Tinh goc giita SI va BC.
& Loi giai

A
Goi K 14 trung diém ctia AC . Khi d6 (SI,BC)=(SI,KI)=SIK .
Taco AB=BC=CA=SI =IK=SK

Tam giac SIK 1a tam giac déu nén SIK =60°.



Cau 9:

Cho hinh chép S.ABCD c¢6 day ABCD 14 hinh chir nhat véi AB =2a, BC =a. Cac canh bén
ctia hinh chép cing bang a+/2. Tinh goc giita hai duong thing AB va SC.
£ Loi giai

Do AB//CD nén goc giita hai duong thang AB va SC bang goc giita hai duong thang CD va
SC.

Xét tam gidgc SCD ta c6 CD =2a, SC =a+/2, SD=a+/2 thoa man SC?+SD? =CD? nén
tam giac SCD vudng tai S. Vay goc SCD = 45° hay goc giita hai duong thang AB va SC
bing 45°.

Cau 10:

Cho hinh lang try tam gidc déu canh day bang a, canh bén c6 d6 dai a\/f . Tinh gbc gitra hai
duong thang AB' va BC'.

A C
B
A, S C’
B5
& Loi giai
A M C
B .
ST
A; ——e b - Cf’
BJ




Goi | 1a giao diém ciia BC' va B'C khi do | 1a trung diém cta hai duong trén, goi M 1a
trung diém cta AC.
Taco IM//AB' nén (AB’;BC")=(IM;BC).
2 2

Taco BM = 3V3. |y _AB'_ 2 +(22) _av3, g _BC' (2] _aV3,

2 2 2 2 2 2 2
Do d6 BM = IM = BI nén tam gidc BIM déu, suy ra BIM =60°.
Vay (AB";BC")=(IM;BC") = 60°.

Céau 11: Cho tir dién ABCD c¢6 AB=CD=a,lJ =—= (1,J lan luot 14 trung diém cua BC va AD).

a3
2

Xéc dinh sb do goc gitra hai dudng thang AB va CD.
& Loi giai
A

Goi K 1a trung diém ctia BD. Khi d6 IK song song voi CD va JK song song voi AB .

. IKJ
Khi d6 (AB,CD)=(KI,KJ)= .
180° — IKJ
aera2 3a’
2 2 112 -
Taco Kl =KJ =2 = cosiky =K AR -7 4 4 4 _ 1
2 2KI.KJ ,aa
o

Vay IKJ =120° = (AB,CD) =60°.



B WY 5AI TAP TRAC NGHIEM

Cau 1:

Cau 3:

Cho hinh lap phuong ABCD.A'B'C'D’. Géc giira hai duong thang BA' va CD bang

A. 60°. B. 90°. C. 45°. D. 30°.
Loi giai
Chon C
A’ Bf
D' = o
T T >B
D = C

Tacd ABLICD nén (BACD)=(BA' AB).
Vi ABB'A’ 1a hinh vudng nén (BA’, AB) = ABA' = 45° .
Cho hinh chép S.ABCD ¢ tit ca cac canh déu bang nhau. Goi | va J lan luot 1a trung diém
ciia SC va BC. S6 do ctia goc (1J,CD) bang:
A. 90°. B. 45°. C. 60°. D. 30°.
Loi giai

Chon C

C

<

Theo gia thiét ta c6 1J 1a duong trung binh ctia ASBC nén 1J // SB.
Vi 1J // SBva CD // AB nén (1J,CD)=(SB,AB)=SBA=60° (Do ASAB déu).

Cho hinh chép S.ABCD c6 tat ca cac canh déu bang a. Goi | va J lan luot 13 trung diém cua
SC va BC. Géc giita hai duong thang 1J va SC bang
A. 60°. B. 45°. C. 90°. D. 30°.

Loi giai

Chgn A



D@ thdy ASBC la tam giac déu. Do 13//SB nén (1J,SC)=(SB,SC)=BSC =60°.

Ciu 4:  Cho hinh ling try tam gidc déu ABC.A’'B’C’c6 AB=a; AA’ = av3. Géc giita hai dudng thiang
AB’ va CC’ bang

A. 30°. B. 60°. C. 45°, D. 90°.
Loi giai
Chon A
A (&
B
T e N c
pd

Vi AA’//CC’ nén gbc giita CC’ va AB' bang goc giita AA” va AB’ va bang goc A'AB'

AB'_ a
Véi AB=a; AN’ =a+/3 thi tanA'AB'= — A'AB' = 30°
T3 f
Cau 5:  Cho hinh 1ap phuong ABCD.A'B'C'D’. Géc giita hai dudng thang A'B va CD bang
A. 30°. B. 90° C. 45°, D. 60°.
Loi giai
Chon C
C D
B/ !
. A
///C”-------- D'
B’ A

Tac6 ABIICD = (AB;CD)=(AB;AB)= ABA =45"

Cau 6:  Cho hinh lap phuong ABCD.AB,C,D, . Géc giita hai duong thang AC va DA bang



A. 60°. B. 90°. C. 45°. D. 120°.

Loi giai
Chgn A
Al 'Dl
S
[N
I \\
B : ~ G
I ~
| N
I ~
A,F::__‘____ D
f \\\
! ~
B C

Tacé6 ACUAC,, do d6 géc gilta (AC,DA ) =(A,C,,DA ), bang géc DAC, .
Do DA; AC,,DC, la cic dudng chéo hinh vudng nén bang nhau. Vay ADAC, déu,
Vay goc DAC, bang 60°.

Cho hinh 1ap phuong ABCD.A'B'C'D’. Géc giita hai dudng thang A'D va B'C’ bang

A. 90" . B. 60°. C. 30°. D. 45°.
Loi giai
Chon D
A B
\A'\i
P At B
D" C

Vi B'C'UAD' nén (AD,B'C')=(A'D,AD")=DAD' = 45’,

Cho hinh chép tir giac S.ABCD c6 tit ca cac canh déu bang a . S do goc giira hai duong thang
SA va CD bang
A. 30°. B. 90°. C. 60°. D. 45°.

Loi giai

Chon C

B,,

Vi ABIICD = (SA,CD)=(SA,AB).



Tam gidc SAB déu canh a = SAB = 60°. Vay (SA,CD) - 60°.

Cau 9: Cho ling tru ABCA'B'C’ ¢ tét ca cac canh bang nhau (tham khao hinh v&)
A B

'

Goc gitra hai dudng thang AB va C'A’ bang

A. 30°. B. 60°. C. 45°. D. 90°.
Loi giai

Chon B

Ta c6 tam giac ABC la tam giac déu suy ra BAC =60°.

Lai co CA// C'A'= (AB,C'A’)=(AB,CA)=BAC =60°.

Vay goc gitta hai duong thang AB va C'A’ bang 60°.

Céu 10: Cho hinh 1ap phuong ABCD.A'B'C'D’. Tinh goc giita hai duong thang CD’ va AC'.'
A. 45°. B. 60°. C. 90°. D. 30°.
Chon C

A’ D’

B’ <

-

B c
Tacé CD’ L C'D (tinh chit dudng chéo hinh vudng), CD’ L C'B’ (tinh chét hinh lap phuong).
Suy ra CD' L (AB'C'D)=>CD’ L AC'. Viy géc giita hai duong thing CD’ va AC' bang 90°.
Céu 11: Cho hinh ling try ding ABC.A'B'C" c6 day 1a tam giac déu canh bang av/3 va canh bén bang
a. Goc giita duong thang BB' va AC' bang

A. 90°. B. 45°. C. 60°. D. 30°.
Loi giai

Chon C



Ta co BB'//CC' = (BB',AC')=(CC',AC’)= AC'C.

!

Khi d6 AACC’ vuéng tai C nén tan AC'C = ?_C a3 J3= AC'C =60°.
a

Vay goc giita duong thang BB' va AC' bing 60°.
Céu 12: Cho hinh chdp S.ABCD c6 tét ca cac canh déu banga. Goi | va J lan luot 13 trung diém cta
SC va BC. Sé do cua géc (1J,CD) bang
A. 90°. B. 45°. C. 60°. D. 30°.
Loi giai

Chon C

Goi O la tam cua hinh thoi ABCD.
0J/ICD

Suy ra OJ la duong trung binh trong tam gidc BCD = .
y g g g g 0J = %CD

Vi CD//OJ = (13,CD) = (13,03).

a

w-leg-2
27 2

1 a R
Xét tam giac 10J c6 1OJ = ECD = 5 = AlIOJ déu.

0=1sa=2
27T

Vay (1J,CD)=(1J,0J)=1J0=60".



Céu 13: Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bing a. Tinh goc tao boi dudng thing A'B va
duong thing B'C .

A. 60°. B. 45°, C. 30°. D. 90°.
Loi giai
Chgn A
C B
B
D | N4
~
I N
| s
N
| ~
~
~
| N
—A ==t o - ——a,
-~ - - C ?
-~
D' A’

Xét ADA'B ¢c6 AD = A'B =BD nén ADA'B 1a tam gidc déu= DA'B =60°.
Tacé B'C// AD = (A'B;B'C)=(AB;AD)=DAB =60°.

Ciu 14: Cho tir dién déu ABCD. Goi M, N 1an luot 1a trung diém céc canh AB va BC . Tinh sé do goc
giita hai duong thang MN va CD.
A. 30°. B. 60°. C. 45°. D. 90°.
Loi giai
Chon B

2

Goi P 1a trung diém cua BD.
Ta c6 MN,NP,MP lan luot 13 duong trung binh cta tam giac ABC,BCD, ABD .

Do d6: MN// AC, MN :%AC

NPNCD,NP:%CD.

MPNAD,MPz%AD.

Suy ra ABCD la tir dién déu = AC = CD = AD = MN = NP = MP nén tam gidc MNP 1a tam
gidc déu nén (MN ,CD) = (MN, NP) = MNP = 60°.



Cau 15:  Cho hinh lap phwong ABCD.A'B'C'D’. Géc giira hai duong thing BA' va CD bang
A. 90°. B. 45°. C. 30°. D. 60°.
Loi giai

Chon B

Al B’

/},‘;—--._._._.-.._.____,___(:\_‘:':B

D° C

Taco: AB//CD (do ABCD 4 hinh vuéng) = (BA’,CD) - ( BA, AB) — ABA' = 45°,

Cau 16: Cho tr dién ABCD vo6i day BCD 1a tam gidc vuong can tai C . Cac diém M, N,P,Q 1an luot
la trung diém cua AB,AC,BC,CD. Goc gitta MN va PQ br:ing
A. 45°. B. 60°. C. 30°. D. 0°.
Loi giai

Chon A

Do MN song song BCva PQ song song BD nén goc giira MN va PQ bing goc giita BC va
BD va bang goc CBD =45°( do tam gidc BCD vudng can tai C ).
Cau 17: Cho hinh chop S.ABC c6 do dai cac canh SA=SB=SC=AB=AC=a va BC = a2 . Goc
giita hai dudng thang AB va SC bang
A. 60°. B. 90°. C. 30°. D. 45°.
Loi giai

Chon A




Goi M,N,Q lan luot 12 trung diém cua SA,SB,AC.

MN //AB

MO /SC = (AB,SC)=(MN,MQ).

Mat khac, ta c6 {

2 2 2 2 2 .2
Tacs AN =23, Nc::\/SC +BC” 5B :\/a +2a® a’ a5
2 2 4 2 4 2
2 2 2 3a2+5a2
—— 2
Xét tam giac NAC co NQ:\/NA +NC”_AC —1/-4 4 _a_:_a\/g.
2 4 2 4 2

a’? a? 3a’
MN2+MQ2—NQ2:Z+* 2

Xét tam giac MNQ ¢6 cos NMO =
8 Q Q 2MN.MQ

N

= NMQ =120°= (MN,MQ) =180°-120° =60°.

a2

Céu 18: Cho hinh chép tir gidc déu S.ABCD c6 day la hinh vuéng ABCD tdm O canh a, SO = >

2

goc gitra hai duong thang AB va SD 1a
A. 120°. B. 60°. C. 30°. D. 90°.
Loi giai

Chon B

Ta c6: AB//CD = (AB,SD)=(CD,SD); OD = % BD="".

2 2
a a R
SD =+/SO? + OD? =,/?+?=a = SD=SC =CD =a=> ASCD déu=> SDC =60°.

Suy ra (AB,SD)=(CD,SD) = SDC = 60°.

Cau 19: Cho hinh hop chir nhat ABCD.A'B'C'D’. Biét AB= AA =a, AD = a~/2 . Tinh goc gitta A'C va
DD'.



n

-
hhhhh
.-

L
-
..

A. 90°. B. 30°. C. 60°. D. 45°.

Chgn C

Vi AAD'D la chit nhat nén DD/AA’ = (A'C,DD’) =(A'C,AA’)= AAC.

Ta cé6 AC =+/AB% +BC? =+a?+2a2 =a+/3.

Khi do: tan( ANC) = 2;\:' a8 B anc—gof
a

Cau 20: Cho hinh chop S.ABCD c6 day la hinh vuéong, AC =2a, SA= av/2 va SA vudng goc voi day
(tham khdo hinh vé bén).

Goc giita hai dudng thang BC va SD
A. 90°. B. 30°. C. 45°. D. 60°.
Loi giai

Chon C

Vi AD||BC nén nén (BC;SD)=(AD;SD)= SDA (SDA nhon vi ASDA vudng tai A).
ABCD 14 hinh vudng c6 duong chéo AC =2a = AD =a+/2
Tam giac vudng SDA c6 SA= AD = a+/2, nén tam giac nay vuong can tai A = SDA=45°.



Vay (BC;SD) =45°,

Cau 21: Cho hinh chép tir gidc déu S.ABCD ¢ tat ca cic canh bang a

S

Goc gitra hai dudng thang SC va BD bang

A. 30°. B. 45°. C. 60°. D. 90°.
Loi giai

Chon D
Goi O la tam cua hinh vuéng ABCD.

Tac6 S.ABCD la chop déu = SO L (ABCD)= SO L BD. Ma BD L AC nén BD L (SAC)

= BD 1. SC.
Vay goc giita hai duong thang SC va BD bang 90°.
Céu 22: Cho hinh lap phuong ABCD - A'B'C'D’, goi M, N 1an luot 1a trung diém ctia AD va B'C’ (tham

khao hinh bén du6i).
Dl
I C,
Al . BN
D
S o
M
A B
Goc giita hai dudng thaing MN va AA’ bing
A. 90°. B. 30°. C. 45°. D. 60°.
Loi gidi
Chon C
D' o
I
A’ i i B~ N
I U .
A B

Goi P 1a trung diém cia A'D'. Khi d6, AA'/ /MP = (MN, AA') = (MN,MP).



Cau 23:

Ta c6 AMNP vudng cn tai P. Suyra (MN, AA) =(MN,MP) = NMP = 45°

Cho hinh ch6ép S.ABCD c6 ddy ABCD la hinh vuoéng canh a, canh bén SA =2a va vudng goc
v6i mit phing day. Goi F 14 trung diém canh AB va G 1a trung diém cia SF . Goi a 13 gbc
tao boi hai duong thing CG va BD. Tinh cosa ?

A vz p Y4 c. 2 b, 82
41 41 82
Loi giai
Chon D

Goi | 1a trung diém AD va H 1a trung diém SI .
D& thdy GH //FI (vi GH 1a duong trung binh cta tam giac SFI )
BD// FI (vi FI la duong trung binh cta tam giac ABD)

Nén GH // BD suy ra (CG;BD)=(CG;GH).

Tacé Cl =/CD? + DI? = / cum:%;
2
SF =Sl =+/SA? + AF2 = /(261)2 +@j _

SC =+/SA? + AC? = \/(2a)2 +(aﬁ)2 =a6.

5a° 9a’?
2,052 SsE2 o, t6a T 40 a4l
Khido cg2= P +CS" SF™_ 4 4 M cH-oco-
2 4 2 4 16
1. 11 a2
Mit khac: GH = = FI =—.—BD=£,
2 272 4



EakeIReal
GC? +GH? - HC? 4 4 4 82

Ta c6: cosCGH = = = .
2.GC.GH , a4l a2 82

4

Viy cosa = v82 :
82

Céu 24: Cho hinh chép S.ABCD c6 day hinh vudng, tam gidc SAB vudng tai S va SBA=30°. Mit
phang (SAB) vudng géc véi mat phang ddy. Goi M 1a trung diém ctia AB. Tinh cosin goc tao

boi hai duong thang (SM,BD).

AL B Y2 c V5. p. Y2,
J3 J3 13 4
Loi gidi
Chon D

bit AB=a(a>0).

Ta c6 SM =%AB = %;SAz SA.sin30° =% nén tam giac SAM cantai S.

Goi H 1a hinh chiéu caa S 1én AB, do (SAB) L (ABCD) va (SAB)N(ABCD)=AB nén
SH L (ABCD) hay H la trung diém ciia AM .

1
Goi K la trung diém ctia AD, khi d6 (SM,BD)=(SM,MK) va MK—EBD—a\/_
Khi d6 SH = HB.tan30° = 32 L - 33
43 4
2
SK?=SH? +HK?*=SH? + AH? + AK®* =—
N G .
TacorcossMK = SM*FMK?=SK? 4 779 = 5 V2.
2.SM.MK ,aa2 4
2272

Céu 25: Cho hinh chép S.ABCD c6 day ABCD Ia hinh chir nhat. Biét SA vudng goc véi day va
AB =SA=a,AC =2a. Tinh géc giita hai duong thang SD va BC .



Cau 26:

Cau 27:

A. 30°. B. 60°. C. 90°. D. 45°.
Loi giai

Chgn A

B' C
Do BC //AD = (SD,BC)=(SD, AD) = SDA

Tacé AD =+ AC? - AB? =a+/3, suy ra tanSDA:%:i: SDA = 30°.

J3
Cho tir dién ABCD c¢6 AB=CD =a. Goi M, N lan luot 13 trung diém cua AD va BC. Xac
dinh d¢ dai doan thang MN dé goc giita hai duong thang AB va MN bang 30°.
a3

A MN=2. B. MN
4 3

C. MN = &Y3 D. MN=2.
2 2
Loi giai

Chon C

5 a
Goi P 1la trung diém cuia canh AC thitaco PNIUAB va PM[ICD, PN =PM :E. Do d@6 tam
gidc MNP can tai P . Khido (AB,MN)=(NP,MN)=PNM =30°, suy ra MPN =120°

332 a3

Xét tam gidgc PMN ¢6 MN? = PM? + PN? — 2PM .PN.cosMPN == do d6 MN ==

Cho hinh lang tru dimg ABC.A'B'C’ c6 day la tam giac vudng tai A, BA=2AC = 2a, canh bén
AA' =2a, M 1a trung diém BC (minh hoa nhu hinh duéi). Cosin goc giita hai duong thang
B'C va AM bing



C]’:l
A7
_____,_‘!’{ ______ o
5
A c.-%. D. 1.
) 2 2
Loi giai
Chon B
.B Cf:l
A
____: *}'{ ______ c

A

Goi N 1a trung diém BB', tacé MN //B'C nén (AM,B'C)=(AM,MN).

Ta c6: BC =+ AB2 + AC2 =+/4a2 + a% =/Ba va AM :%:@_

JEa. w2 BC _BC?+BB? 52’ +4a® _3

AN =+/AB% + BN2 =+/4a2 + % = .
2 2 2 2

Ap dung dinh 1y cosin trong tam giac MNA ta cé:

MN 2 2 2 ga2+§a2—5a2 \/— \/’
+ MA“ — AN _4 4 5 5

=—— Vay cos(AM,B'C)=—.
2.MN.MA 3 5 5 ( ) 5
Z.Ea.Ta

cosNMA =



Cau 28:

Cau 29:

Cho hinh chép S.ABC c6 day ABC la tam gidc vudng can tai C . Tam giac SAB vuong can tai
S va BSC =60°. Goi M 1a trung diém canh SB, ¢ la goc giita duong thing AB va CM . Khing

dinh nao sau day dung?

N5 % 3 %

A. COS¢:?. B. COS¢:7. C. COS@Z?. D. COS(DIF.

Loi giai

Chon D

Pit SA=a.Suyra SB=CA=CB=a va AB=a2.

Lai c6 BSC =60°. Suy ra tam giac SBC déunén SC =a.

a3

Suyra CM =CN = - (V6i N 1a trung diém cta SA) hay MN song song voi AB .

Khi d6 (AB,CM)=(MN,CM). Ap dung dinh Ii cosin vao tam gidc CMN ta co:

2 2 ~N2
cos CMN = MC~+MN” —CN =£:>cos(AB,CM):cos(MN,CM):‘cosCMN‘:ﬁ.
2MC.MN 6 6

Cho tir dién ABCD c¢6 AB=CD =a.Goi M va N lan luot I3 trung diém ciia AD va BC . Xéc
dinh do dai doan thang MN dé goc giita hai duong thang AB va MN bang 30°.
a3

C. MN=2Y3 D. MN=2.
2 3 4

A. MN =%. B. MN
Loi giai

Chon B



Goi P 1a trung diém cua AC . Khi d6 PM,PN lan luot 1a duong trung binh cia

AACD, AACB nén PM :%CD:% va PN =%AB=%.

Vi AB// PN nén (AB,MN) = (PN,MN) = PNM = 30°

Mit khac: APMN can tai P va c6 goc & ddy PNM =30° nén goc & dinh bang NPM =120°.

a3

Ap dung dinh Iy Cosin cho APMN , ta c6: MN =+PM2 + PN2 — 2PM.PN.c0s120 = -

Céu 30: Cho hinh chép S.ABCD c¢6 day ABCD I hinh vudng, canh bén SA vudng goc v6i mat phiang
day, SA=AB=a. Goi M 1a trung diém ciia SB. Goc giita AM va BD bang
A. 45°, B. 30°. C. 90°. D. 60°.

Loi giai

Chon D

Xét tam gidc SABvudng tai A co: SB =+/SA? + AB? = a2 .

Goi E 1a trung diém ctia MC , ta c6: OE [ AM :>(AM,BD)=(OE,BD)

Khi d6: OE =2 AM = Zsp = 22
2 4 4
Ta c6: CB L AB,SA L CB = CB L SB= ASBC vuodng tai B.

Xét tam gidc MBC vudng tai B ¢6: MC =+/MB? + BC? = /%.2a2 +al :#
1 a6

Khi d6: BE=—MC =——.
2 4

av2

Xét tam giac BCD vudng tai C co: BD =+BC?+DC? =ay/2 = BO = =5



Cau 31:

Cau 32:

2 2 2 i a Si
Xét tam gidc EBO co: cosEOB=20 OB “EB" 8 2 8 1 _ pop_gp
2.EO.OE ) I av2 2
4 2

:>(AM,BD)=(OE,BD)= EOB =60".

Cho hinh chép S.ABCD c6 ddy 1a hinh vudng ABCD canh bang a va cic canh bén déu bang
a.Goi M va N lan luot 1a trung diém cua AD va SD . S6 do cta géc (MN,SC) bang

A. 30°. B. 45°. C. 60°. D. 90°.
Loi giai

Chon D

Goi O 14 tAm cua hinh vuéng ABCD = O 1a tim dudng tron ngoai tiép ctia hinh vuéng ABCD
(D.
Ta co: SA=SB =SC =SD => S nam trén tryc ctia dudng tron ngoai tiép hinh vuéng ABCD (2).

Tir (1) va (2) = SO L (ABCD).
Tir gid thiét ta c6: MN // SA (do MN 1a dudng trung binh ctia ASAD). = (MN,SC) = (SA,SC)

) | SA?+sC?=a%+a%=2a? o
Xet ASAC, ta co: = ASAC vudngtai S = SA L SC.
AC? = 2AD = 2a*

= (SA,SC) = (MN,SC)=90°.

Cho hinh chép S.ABCD c6 day ABCD la hinh thang vuong tai A va D, SA vudng goc voi
mat phing day. Tinh cosin goc giita hai duong thing SD va BC  biét

AD = DC =a,AB = 2a,SA = 2a3:/§
1 2 3 4
A —— . B. ——. c. > D. — .
7z 7z 7z T
Loi gidi

Chon C



D c
Goi M 1a trung diém AB.Tacd MB=DC =a.

Ma MB//CD nén MBCD Ia hinh binh hanh. Do d6 DM //BC.

Suy ra (SD,BC)z(SD, DM )

Lai c6 SM =+/SA* + AM? = a‘éﬂva DM =vAM? + AD? = a+/2,SD =+/SA? + AD? = a*éﬂ

Ap dung dinh 1i cosin trong ASDM ta dugc:

3

-5

Cau 33: Cho hinh chop S.ABC c6 do dai cac canh SA=SB=SC=AB=AC=a va BC= a2 . Goc
gitra hai duong thang AB va SC 1a?
A. 60°. B. 90°. C. 30°. D. 45°.
Loi giai

SD*+DM?-SM?

cosSDM =
2SD.DM J42

Suy ra COS(SD, BC)

Chon A
Ta c6 BC? = AB? + AC? = AABC vudng tai A= trung diém M cua canh huyén BC la tim
dudng tron ngoai tiép tam giac ABC .

Vi SA=SB =SC nén SM la duong cao cua hinh chop S.ABC.

S

Goi N, | lan luot 1a trung diém cua AC, SB.

Taco MNTAB va IMSC nén (SC,AB)z(IM,MN).



Mit khac: BN =+/AB? + AN? = 1/ - SN =+/SC2-NC? = 4/a -z

\/Z(Saz .\ 3a2) ¥

2 2 2 -

J2(BNZesNE)-s8? (4 T a3
2

2 B 2

Suy ra: NI =

Xét tam giac IMN , ta co cos NMI = = ——§:> NMI =120°.

a

MNZ+IM2-IN2 4 4 74 1
2-MN - IM a
2

Suyra(IM,MN):60°.




