»BAl ©. CONG THUC TiNH GOC TRONG KHONG GIAN

‘é Kiém tra rén luyén

+De @:

="Phan 1. Cau héi tric nghiém nhiéu phwong an lwa chon. Thi sinh trd 161 tir cdu 1 dén cdu 12. Moi
cau hoi, thi sinh chi chon 1 phuwong an.

Caul. Trong khong gian Oxyz, cosin clia goc gitra hai mit phang (P) IX+2y—-22+1=0 va
(Q):x+y+z-1=0 bang

V3 V3 V3

A —. B. —. C.—. D. —.
3 - 9 9 3

Loi giai

Hai mit phang (P),(Q) c6 cic vécto phap tuyén 1 n, =(4,2;-2) va ny = (LL1).

‘ |11+21 2.1 _3
JP+22 4 (=2)° NI 422 422 9

Cau2. Trong hé toa do (Oxyz). Goi ¢ 1a géc gilta mit phang (Oxz) va mit phéng
(a):x+y—10z+2025=0. Khi d6 cose la:

Ta ¢o: cos((P),(Q)):‘cos

1

D. —.
V120

A. 0. B. —. c. L
10

Loi giai

Ta c¢6 mat phing (OXZ) c¢6 vécto phap tuyén 1a n = (0;1; O) , mit phang (a) :X+Yy-102+2025=0 ¢o

, ﬁl ﬁz‘ 1
vécto phap tuyén 1a n, = (1 1 10) Goi ¢ la goc gitra hai mdt phang thi cose = ‘
| NI
n . . L PR 2 X=2 y+1 z+2 £
Cau 3. Trong khong gian Oxyz, goc gitra truc Oz va duong thang A: = 1 = > bang (keét
qué lam tron dén d9)
A. 30°. B. 48°. C. 60°. D. 132°.

Loi gidi
Truc Oz c6 vécto chi phuong 1a j =(0;0;1); dudng thing A co vécto chi phuong 13 U =(2;1,-2);

2.0+1.0-2.1

(2 +1 +(=2) NOP 07 47

Ta co: cos(A,Oz)z‘cos(ﬁ,])‘:

w|nN



Nén (A,0z)~48°.
Cau4. Trong hé toa do (Oxyz). Goi ¢ la goc giita duong thiang cha Ox va mit phang
():x+y+12=0.Khidé ¢ bang:
A. 45°, B. 30°. C. 60°. D. 90°.
Loi giai

Ta c6 dudng thing chira Ox cd vécto chi phuong 1a u = (1,0;0), mit phing (&): x+y+12=0 c vécto

phép tuyén 1 n=(L10). Goi ¢ la goc giita duong va mit thi sing = = = —= = @ = 45°,

Cau5. Trong khong gian Oxyz, goc gita hai mit phang (P): X+2y—-3z2+5=0 va
(Q):2x+y—3z-1=0 bing (két qua lam tron dén do)
A. 20°. B. 22°. C. 25°. D. 27°.

Loi giai

Hai mit phang (P),(Q) c6 cic vécto phap tuyén 1a n, =(L,2;-3) va n, =(2,1,-3).

[1.2+21-3.(-3) 13

2t (ca)f a3y 14

Ta c6: cos((P).(Q)) =‘COS(E’%)‘

Nén ((P).(Q))~22°.

X=-2+t X=2-2m
Cau 6. Trong hé toa do (Oxyz) , cho hai dudng thang Aqy=—4+2t va A,:<y=2-2m.Goi ¢ la
z2=-1+2t Z=3+m
goc giita hai dudng thang. Tinh cose ?
NS B L e B3 b2
6 9 2 9
Loi giai
X=-2+t X=2-2m
Ta co duong A, 13y =—4+2t co vécto chi phuong 1a uj =(12;2), dudng A, :1y=2-2m co vécto chi
z2=-1+2t Z=3+m
- b 4
phuong 1a u, =(-2;-2;1). Tac6 COSp = ———r=—.
‘UlHUZ‘ 9



X=1+2t
Cau7. Trong khong gian Oxyz, goc giita duong thing A:{y=3-t va mit phing

2=2+3t
(P):x—y-2z+4=0 bang (két qua lam tron dén do)
A. 161°. B. 109°. C. 71°. D. 19°.

Loi gidi

Duong thdng A c6 vécto chi phuong 1a u=(2;-13); Mit phing (P) c6 vécto phap tuyén la
n=(L-1-2).

2.1-1.(-1) +3.(-2) V21

:\/22+(—1)2+32.\/12+(—1)2+(—2)2 14

Tacé:shw(A,(P))=‘cos(G,ﬁ»

Nén (A,(P))~19°.

X=1+t
" R R s 2 x-1 y-2 z-3 , )
Cau8. Trong hé toadd (Oxyz), cho hai duong thing A, : == v A, qy=2+t .Goi
z2=3+2t
@ 1a goc giita hai duong thang. Tinh cose ?
NS B L B b1
6 2 2 6
Loi giai
X=1+t

x-1 y-2 z-3

Ta c6 duong A. :
g A 1 2

c6 vécto chi phuong 1a u, =(12;1), duong A,:y=2+t cb
7=3+2t

—_ u..u
vécto chi phuong 1a u, =(11;2). Ta c6 cosg = ﬁ =5
Uz|(Uz

_._.‘

Xx-8 y+2 z-2

vd mit phan
) 1 at phang

Cau9. Trong khong gian Oxyz, goc giita dudng thing A:

(P) :%%% —1 bing (két qua lam tron dén do)
A. 83°. B. 7°. C. 41°, D. 49°.
Loi gidi

Puong thing A c6 vécto chi phuong 14 U =(-11;2); Mat phang (P) co vécto phap tuyén 1a n = (6;2;3)



JE1) 11242262 422437 21

Ta ¢6: sin(A,(P)) = ‘cos ‘ [16+12+23 JE

Nén (A,(P))~7°.

Cau 10. Khi dat hé toa d6 Oxyz vao khong gian voi don vi trén tryc tinh theo kilomét, nguoi ta thay
rang mot khong gian phu séng dién thoai c6 dang mét hinh cau (S) (tp hop nhiing diém nam trong va
nam trén mat cau tuong Ung). Biét mat cau (S) c¢6 phuong trinh: x* +y? + 22 —2x—4y—-62+5=0.
Khoang cach xa nhat giita hai ving phu séng 1 bao nhiéu kilomét?
A. 9. B. 3. C.6. D. 12.

Loi giai
Taco: X2 +y?+2° —2x—4y—62+5=0 (x-1)" +(y—-2) +(z-3)" =3

Khoang cach xa nhat giita hai diém thudc ving phu song 1a dudng kinh ctia mat cau, tic 1a 6km

X=1+2t
Ciu 11. Trong khong gian Oxyz, cho dudng thing A:<y =2+t va (P):—X+2y+22+5:0. Goi d
z=-2-t

1a duong thang di qua diém A(-10;-1) cit duong thing A va tao véi mét phang (P) mot goc nhd nhat.
Vecto chi phuong u, = (&;b;1). Tinh tong a+2b?
A. 8. B.7. C. -6. D. 11.
Loi giai
Gia sir duong thang d cit dudng thang A tai B, ta c6: B(1+ 2t; 2+t;—2—t) eA.
Puong thang d co vécto chi phuong la: AB = (2t +2;t+2;-t —1) , mit phing (P) ¢6 vécto phap tuyén
=(-12;2).
[-2t-2+2t+4-2t-2 |2t]

36t +14t+9  36t2+14t+9

= d tao v4i mit phang (P) mot goc @ nho nhét khi @ =0° hay sing=0=1t=0.

>0

Goi ¢ 1a goc gilta d va (P), ta co: sing =

Khi d6 duong thang d di qua diém A(-L0;-1) va c6 vécto chi phuong AB=(2;2;-1)
Vay a=-2,b=-2,2a+2b=-6.

Cau 12. Cho hinh 1ap phuong ABCD.A'B'C'D’ ¢ canh bang a . Khoang céch giita hai mat phang
(AB'D") va (C'BD)béng

A.a—\/g. B. a\@. C. aﬁ. D. a\@.

- 3



Loi giai

Chon hé truc toa d6 Dé cac vudng goc Oxyz nhu sau: O = A(0;0;0); A'(0;0;a)

B(a;0,0); B'(3;0;2); C(a;a,0); C'(a;a;2); D(0;a;0); D'(0;a;a).

z A
’A’/ o
. G’ C
N
(B

Ta co (AB'D’)//(C'BD)

Véc to phap tuyén cua mat phing (C'BD)1a n, = [C—’E’;, C’ D] =(-a%;—a%;a%) hay n, = (L;1,-1).
Phuong trinh téng quat cia mit phang (C'BD)1a x+y—z—a=0.

Phuong trinh téng quat ctia mat phang (AB'D’) 1a x+y—z=0.

= d ((AB'D’),(CBD)) =d (B,(AB'D")) = 2+0-0 _a

Jrra(-1f V8

= Phan 2. Tric nghiém lwa chon ding sai. Thi sinh trd loi tir cdu 1 dén cdu 4. Trong mdi y a), b),
c), d) & méi cdu, thi sinh chon diing hodc sai.

x-1 y+2 z . x-3 y-4 -5
—="——=—vaA,: = = )

Caul. Cho hai dudng thang A, : > =5

Céc ménh dé sau diing hay sai?

Ménh dé | Ping | Sai

a) Vecto Jl =(2,1,2) 1a mot vecto chi phuong ciia dudng thang A, .

b) Vecto @ =(-1,2,2) 1a mot vecto chi phuwong ciia dudng thang A, .

c) Goc giita hai duong thang A, va A, xap xi 64°.

d) | Géc giira duong thang A, va truc Ox xap xi 40°.

Loi gidi
Dap an: a) Ping b) Sai c¢) Ding d) Sai

a) Vecto Jl =(2,1,2) 1a mot vecto chi phuong ciia duong thing A, .



b) Vecto @ =(-1,2,-2) 1a mot vecto chi phuong cua duong thang A,.

2.(-)+1.2+2.(-2) 4 .
=— |2 . — | —=_—=(A,,A,)~64°.
2241427 (1) + 22 +(-2)* 9

c) Ta c6 COS(A,,A,)

d) Truc Ox c6 vecto chi phuong i=(1,0,0).

2.1+1.0+20 .
Ta co cos(A,,0x) = | | zgj(Al,Ox)z48 )
V2241242212402 +02 3
Xx=1+t
Ciu 2. Cho duong thang A:{y=2-t va mat phang (P):x+2y+z-4=0.
Zz=3+t

a) U= (—1; 1 —1) 12 mot vecto chi phuwong cuia duong thang A ;
b) M (0;3;-2) khong thudc duong thang A;

¢) Puong thing A vudng goc v6i mit phing (P) .

d) Puong thang A cit mit phang (P) tai N(-14;1).

Loi giai

a) Pung b) Ping c) Sai d) Sai

a) Dura vao phuong trinh dudng thiang, mot vecto chi phuong cua duong thang A 1a X = (1; -1 1) .
Ta thay X, U cing phuong. Do d6, U = (—1; 1 —1) 1a mot vecto chi phuong cua dudng thing A ;
b) Thay toa do cua diém M vao X, y, z cua duong thfmg A, ta théy:

0=1+t t=-1

3=2-t =<t=-1

—2=3+t t=-5
Do vay, M (O; 3 —2) khong thudc duong thang A;
¢) Dudng thang A c6 vecto chi phuong la X =(1-11)

Mit phang (P) c6 vecto phap tuyén 1a fi = (L,2;2).

Ta thiy X, ii khong cing phuong. Do vay, dudng thang A khong vudng géc v6i mit phang (P).



x=1+t (1)

d) A:{y=2-t(2) vamitphang (P):x+2y+z-4=0 (4)

z=3+t (3)

Thay (1), (2), (3) vao (4), ta dugc: 1+t+2(2-t)+3+t—4=0< 0t +4 =0 - phuong trinh vd nghi¢m

Do vay, dudng thang A khong cat mit phang (P).

Cau 3.

Trong khong gian Oxyz cho cac mat phang (P): x+2y+z+10=0,(Q):—x+Yy+2z+13=0

, (R):mx+y—-2=0.

Cac ménh dé sau ding hay sai?

Ménh dé

Dung

Sai

) | Vecto n, =(1,2,2) 1a mot vecto phap tuyén ciia mat phing (P) .

b) | Goc giira hai mat phang (P) va (Q) bang 30°.

c) | Véi m=1thi (Q)L(R).

d) | C6 hai giatri cia m dé cos cua goc giira hai mat phang (P) va (R) bang

J15

6

Loi giai
Pap an: a) Sai b) Sai c¢) Pung d) Pung
a) Vecto ni =(1,2,1) 1a mot vecto phap tuyén ciia mit phang (P).
b) Vecto E =(~1,1,2) 1a mdt vecto phéap tuyén ctia mit phang (Q).

Goi a 1a goc giira hai mat phang (P) va (Q) .

Ta ¢6 COS@ = ‘cos(nt, nj)

:l:>a:600.
2

¢) Vecto n: =(m,1,0) 12 mot vecto phap tuyén ctia mit phang (R).
(Q)L(R)@E.E:OQ—m+1:O<:> m=1.

d) Goi S 1a goc giira hai mat phang (P) va (R).

Ta co cosp = M cos ciia goc giita hai mat phang (P) va (R) bang @ khi
J6/m? +1° ' 6
m+2| 15

c>2.(m+2)2=5.(m2+1)<:>—3m2+8m+3:0c>m:3,m=_?1.

Jo/m+1 6




CAu 4. Trong khong gian véi hé toa do Oxyz , cho hinh hop ABCD.A'B'C'D’ ¢6 A(O; 0; 0) , B(3; 0; O)
, D(0; 3;0), D'(0; 3; —3) nhu hinh v&:

a) Toa d6 diém C(3;-3;0).

x=t
b) Phuong trinh duong thang A'C ¢ phuong trinh 1a: {y =t

z=-3+t
242
A'C;(A'BD))=——
¢) cos(A'Ci( ) 3
1
d)cos((C'BD);(A'BD))=—
)cos((C"BD);('BD)) =72
Loi giai
a) Sai b) Ping ¢) Ping d) Sai
Xc =3 Xc =3
a) Ta co AB=(3;0;0);DC =(X;; V. —3;Z;). Ma AB=DC =1y -3=0<1yc =3=C(3;3,0)
ZC :O ZC :0
XA':O
b) DD"=(0;0;-3); AA'=(Xp; YaiZa') - Matalaico DD'=AA =1y, =0 = A'(0;0;-3)
ZAIZ—3

A'C=(3;3;3) nén chon uac =(LL1). Phuong trinh duong thang A'Cdi qua A'(0;0,-3) va co
x=t
uac =(LL1) la: {y=t
z=-3+t
c) [ﬁ,ﬁ} =(-9;-9;9). Chon n(a'epy =(L1-1). Nén phuong trinh mat phang (A'BD) di qua
diém A'(0;0;-3) va c6 n(aso) = (LL-1)1a: x+y-z-3=0



i 1
V2422 412 \12 +12 4 (-1)2 3

2J_
3

sin(A'C;(A'BD)) = ‘COS(UA cin(a BD))‘

Neén cos(A'C;(A'BD)) = [L-sin? (A'C;(A'BD)) =

d) Ta co DC'=(3,0;-8);BC"=(0;3,-3) = DC;BC"|=(9;9;9).

A 1.1+1.1+1.(-1
Chon n(csp) =(1;1;1) = cos((C'BD);(A'BD)) = N |12 ; \/; (12 )|( = _%
+ +1°+

= Phan 3. CAu héi trac nghiém tra 1o ngan. Thi sinh trd 10i tir cdu 1 dén cdu 6

Caul: Trong khong gian Oxyz, cho dudng thing A: %Z:yT_Sziz va mat phang

(P):12y+5z+1=0. Goc giita dudng thdng A va mit phang (P) bang bao nhiéu do (lam
tron két qua dén hang don v1)?

Loi giai
Tra loi: 21
Puong thing A c6 mot vecto chi phuong 13 G = (1; 2,— 2) va mit phing (P) cb6 mot vecto
phap tuyén 1a fi=(0;12;5).

. . p0+2124(-2-5 14
Ta cd:sin(4,(F)) = JE+ 22 (27 0P r122 15 39

Suy ra (A, (P)) ~21°.

X=-2+t
Cau2: Trong khong gian Oxyz , cho dudng thang A:<y =5+2t va mit phang (P):12x+5z+1=0.
z7=-2t
Goc giira duong thing A va mit phang (P) bang bao nhiéu d6 (Iam tron két qua dén hang
don vi)?
Loi giai
Tra loi: 3

Puong thang A c6 mot vecto chi phuong 1a U = (1; 2;— 2) va mit phang (P) c6 mot vecto
phap tuyén 1a i = (12; 0;5) .

1:12+2-0+(-2)-5) 2
Ta cé:sin(a, (P)) = B +2% 1+ (<2)? \12% + 02 + 57 T39°

Suy ra (A, (P)) ~



Cau 3:

Cau 5:

Khi gin hé toa dd Oxyz (don vi trén mdi truc tinh theo kilémét) vao mot san bay, mit phang
(Oxy) tring véi mt san bay. Mot may bay bay theo dudng thing tir vi tri A(2;-13) dén vi
tri B(8;7;1). Géc giira dudng bay (mot phan cua dudng thang AB ) va san bay (mot phan ciia
mit phing (Oxy)) bang bao nhiéu do (lam tron két qua dén hang don vi)?
Loi giai

Tra loi: 11
Puong thang AB c6 vecto chi phuong 13 U = (3; 4; —1) , mit phiang (Oxy) ¢6 vecto phap tuyén
la Ai=(0;0;1).
Tir d6, goc o giita dudng bay (mdt phan ciia dudng thang AB) va san bay (mot phan ctia mat

P L 1
phang (Oxy)) cé sina = E .
Suyraa =11°.
Khi gén hé toa d§ Oxyz (don vi trén mdi tryc tinh theo mét) vao mot cin nha (hinh minh hoa

bén dudi) sao cho mit phang (P) :—/3x+y+1=0. Tinh goc tao boi (P) véi truc OX .

Loi giai
Tra loi: 60

Mit phang (P) c6 véc to phap tuyén 1a n= (—\/g;l; O);
truc OX ¢6 véc to chi phuong i= (1;0;0).

Ta c6: sin((P);0x) = ‘cos(ﬁ ;T)‘ = M = ﬂ B = ((P);Ox)=60".
CHRECN
Khi gén hé toa do Oxyz (don vi trén mdi truc tinh theo mét) vao mot can nha sao cho nén nha
thudc mit phang (Oxy) , ngudi ta coi mdi mai nha 1a mot phan cia mit phang va thy ba vi tri
A B,C & mai nha bén phdi lan lugt c6 toa do (1;,0;3), (5;0;1) va (5;9;1). Géc gitta mai nha
bén phai va nén nha bang bao nhiéu d6 (lam tron két qua dén hang don vi)?

Loi giai



Tra loi: 27

Mit phang (ABC) c6 cap vecto chi phuong la AB(4;0;-2) va BC(0;9;0).
Ta c6: | AB,BC |=(18;0;36).

Do d6, vecto phép tuyén ctia mit phang (ABC) 1a fi, =(1;0;2)

Lai co, (Oxy) c6 vecto phap tuyén 1a fi, = (O; 0;1).

Tir d6, goc co a giita mai nha bén phai va nén nha c6 cosa = E .

Suy ra a =~ 27°.

Khi gan hé toa do Oxyz (don vi trén mdi truc tinh theo mét) vao mot cin nha (hinh minh hoa
bén duéi) sao cho diém H (2; 1 2). Piém H 1a hinh chiéu vuéng goc cua gbc toa do O
xubng mit phing (P), sé do géc gitta mdt phang (P) va mit phang (Q):x+y—-11=0 (lam

tron két qua dén hang don vi)?

- :"‘Y"}

\U

Tra loi: 45

Ta ¢6 H 14 hinh chiéu vuéng goc cia O xubng mit phang (P) nén OH J_(P). Do do
OH = (2; 1 2) 1a mot vecto phap tuyén ctia mit phang (P) .

Mit phang (Q) c6 mot vecto phap tuyén 1a n= (L 1 0).

Goi a 14 goc giita hai mat phang (P). (Q).

OHn| — Parite2q vz,

[OH | |n| N R ORP TN TR,

Ta c6 cosa =

Vay goc giita hai mit phang (P), (Q) la 45°.

——-HET-----



+Dé @:
="Phéan 1. Cau héi tric nghiém nhiéu phwong an lwa chon. Thi sinh tra loi tir cdu 1 dén cau 12. Moi
cdu hoi, thi sinh chi chon I phuong an.
Cau 1. Trong khong gian Oxyz, cho dudong thing A cé vecto chi phuong u =(a,b,c) va mit phing
(P) ¢6 vecto phap tuyén n=(A;B;C). Khi d6 khing dinh nao sau day la dung?
B aA+bB +cC

Ja? +b2 +c? /A2 +B? +C2
~ |aA+bB +cC|

JaZ +b’ +c2 A2+ B> +C?
B aA+bB+cC

Ja? +b? +c? /A2 + B2 +C?
~ |aA+bB +cC]|

JaZ +b> +c2 A +B*+C2

A. sin(A,(P)) B.

sin(A,(P))

C. cos(A,(P))

cos(A,(P))

Loi gidi
|aA+bB +cC|

Sin(A'(P)):x/a2+b2+02.x/A2+Bz+C2

Ciu 2. Trong khong gian Oxyz , goc giira hai mat phang (Oyz) va (a): y+2-1=0 bing:

A. 60°. B. 45°. C.0°. D. 90°.
Loi giai

Mit phang (Oyz) c6 mot vecto phap tuyén n, = (1;0;0).

Mit phang (@) c6 mot vecto phap tuyén n, =(0;1,1).

‘nl.n2

=0.

cos((Oyz);(a)):‘cos(ﬁl;fz) ‘F

[ne

((Oyz)i(e))=90"

Cau 3. Trong khong gian Oxyz , cho dudng thang A: X_—+51 = yT_Z = % Khi d6 goc giira duong thang
A va truc Oy bang
A. 60°. B. 30°. C. 45°. D. 90°.
Loi giai
A:X—+1 :y;zzi c6 vecto chi phuong u :(—5;3;x/§)
-5 3 2



[-5.0+3.1++/2.
Y5 +8 4 (V2) ST

) ) . -2 -1 2 .
Cau 4.Trong khong gian Oxyz, goc giita duong thang A: X - y NG _Z +1\/_ va mit phang (Oxz)

-1 (a0y)=60°

cos(A,Oy) = ‘cos(ﬁ, ])‘ _

bang:

A. 30°. B. 45°. C. 60°. D. 90°.
Loi gidi

Puong thang A c6 mét vecto chi phuong u= (1; -2 ;1) .

Mit phang (OXz) c6 mét vecto phap tuyén j =(0;10).

(A;(Oxz)) =45
Cau5.  Trong khong gian Oxyz , cho hai mt phing (P):x+2y+2z-5=0 va (Q):3x—4y =1.Khi
d6 sb do goc giira hai mit phang trén gan bang s6 do nao dudi day?
A. 71°. B. 65°. C. 109°. D. 156°.
Loi giai

(P): X+2y+22-5=0 c6 vecto phap tuyén Hl:(l; 2;2).
(Q) :3x—4y =1 co vecto phap tuyén n? = (3; —4; 0) .

. [1.3+2.(-4)+2.0) 1

oo (P)(Q)fes() - N R s =3=((P).(Q))=72.

x+1: y—lz z+3 va

Cau 6. Trong khong gian Oxyz, cosin cia goc gitta hai duong thang: A:

-2 1
A" X_2= y—1= -3 bang:
1 2
A Yo B, Y0 c o p. Y5
3 18 — 18 3
Loi gidi

Puong thing A c6 mét vecto chi phuong U =(2;-2;1).

Puong thing A' c6 mot vecto chi phuong U’ = (12;1).



T O .
cos(A;AY)=|cos|(usU’ ) == =—F=—"
N i R
X =1+5t
Céu 7. Trong khong gian Oxyz , cho duong thang d :qy=-2+t va (P):3x—2y+5=0. Khi d6 goc
z=1
gitta duong thang d va mit phang (P) bang
A. 60°. B. 30°. C. 45°. D. 90°.
Loi giai
X =145t
d:{y=-2+1t c6 vecto chi phuong u =(510).
z=1
(P):3x—2y+5=0 c6 vecto phap tuyén n=(3;-2;0).
- - 5.3+1.(-2)+0
sin(d,(P)):‘cos(u,n)‘: 53+1(-2)+9 =£:>(d,(P))=45°.
V5 40+ 07 3 +(-2) +07 2
X =2t
Cau 8. Trong khong gian Oxyz ,goc giita hai duong thang: A: X=3 = y_ll = z+1 va A'lqy=-2+t
- z=1+t
béng:
A. 30°. B. 45°. C. 60°. D. 90°.
Loi giai
Puong thang A c6 mot vecto chi phuong u= (1; -1 2).
Puong thing A' c6 mot vecto chi phuong U’ =(2;11).
i
Cos(A;A")=|cos(u;u' ) = ===
(858 =fos{0)| ==
Nén (A;A")=60°.
X=2-3t
Cau 9. Trong khong gian Oxyz, cho diém A(g;O;OJ , B(O;Z;O) , C(O; O;gj va A:sy=-1-4t. Khi
z=5-5t

d6 goc giita duong thang A va mit phang (ABC) béng
A. 60°. B. 30°. C. 45°. D. 90°.



Loi giai

Ta co (ABC):%+%+%:1 c6 vecto phap tuyén ﬁ:(g;%;gj
3 5

X=2-3t
A:{y=-1-4t c6 vecto chi phuong U =(~3;—4;-5).

z=5-5t

3 1 5}
B ‘8.(_3)+2.(_4)+8.(_5)‘

sin(A,(P)):‘cos(u,n)‘: =1=(A,(P))=90°

L) 2T+ ) deor=Car=cer

Céu 10.Trong khong gian Oxyz ,dudng bing cia mot san bay thudc mit phiang (Oxy) . Mot may bay sau
khi chay da trén duong bing d6 da cét canh tai diem A(1;2;0) véi van téc khong doi trong khoang thoi
gian ngin ban dau, vecto van tdc V= (0; J3 ;1) . Trong khoang thoi gian ngan ndi trén, goc cat canh cua
may bay bang:
A. 30°. B. 45°. C. 60°. D. 90°.

Loi giai
Trong khoang thoi gian ngian d6, may bay chuyén dong trén duong thang A di qua A nhan V= (O; J3; 1)
lam vecto chi phuong.

Mit phang (OXy) co mot vecto phap tuyén 1a k =(0;0;1).

Ly vk
sin(A;(Oxy)) = ‘cos(v; k)‘ = ﬁ _

N |-

Nen (A;(Oxy))=30°.

Cau 11. Trong khong gian véi hé toa dd Oxyz , cho mit phang (P) c6 phuong trinh: ax+by+cz—1=0
véi <0 di qua 2 diém A(0;1,0), B(L0;0) va tao véi (Oyz) mot goc 60°. Tinh tong S=a+b+c?

A 1+4/2. B.1-+/2. C. 2+4/2. QZ—x/E.
Loi giai

. . 0
Mit phang (P) di qua hai diém A, B nén {a 1_0:>a:b:1.

Mit phang (P) c¢6 vecto phap tuyén n =(a; b; ¢). Mt (Oyz) co vecto phap tuyén i =(1; 0; 0).

Goi o la gbc toa boi (P) va (Oyz) suy ra o =60°.



Ta co: Cosa“‘% \/%\/_ 2<:>\/m—2|a| (*).

Thay a=b=1 vao phuong trinh (¥) ta dugc: V2+¢* =2=¢C= 2.

Khidé a+b+c=2-+2.
Cau 12. Cho hinh lang tru ding ABC.A'B'C' ¢6 day ABC la tam giac can véi AB = AC =1 va gbc

BAC =120° va canh bén BB'=1. Goi | 1a trung diém ctia CC'. Tinh cosin goc giita hai mat
phang (ABC) va (AB'I).

NRLCE B Y3 c. 3% p. Y10
— 10 10 30 30

\

e Goi O 14 trung diém cua BC . Gén hé truc toa d6 nhu hinh v&.

Taco: OB = AB sin60°= —; OA = AB c0s60° =

NS éu
o
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N |
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Tacé: N, = BACS— 0,0;-

e
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u
n.n
e Goi a la goc gitra (ABC)Va (ABﬂ) Suy ra: cosa = Jd—ui = —.

= Phan 2. Triac nghiém lwa chon dung sai. Thi sinh trd li tir cdu 1 dén cdu 4. Trong méi y a), b),
c), d) & méi cdu, thi sinh chon diing hodc sai.



x-1 y-1 z .
Cau 1: Trong khong gian Oxyz , cho dudng thing A: 3 = yT = 5 va hai mat phang

(a):=x+2y-2z+1=0, (B):2x+my+mz—1=0. Xét tinh diing /sai clia cac ménh dé sau.
a) Véc to phdp tuyén clia mit phang () la E(l; —2;2), mit phing (B) 1a @(2; m;m).
b) Véc to chi phuwong ctia duong thang A 1a E(B; -1;5).
¢) Goc giira duong thang A va mit phang (a) bang 60°.

d) Co hai gia tri ctia tham s6 m thoa mén goc giira duong thang A va mit phang ( Jij ) bang 60°

Loi gidi

a) Dung
Véc to phap tuyén ciia mit phing () 1a n,(1,-2;2), véc to phap tuyén cia mat phing (B) la
n,(2;m;m).

b) Sai
Puong thing A co vécto chi phuong 1a u, =(3;4;5);

¢) Sai
Puong thing A c6 vécto chi phuong 1a u, =(3;4;5); Mit phing (&) c6 vécto phap tuyén la
n, =(1-2;2).

p1+4 +52\ 1

V3 +47 4571 +( +22

Ta cb: sin(A,(a)):‘cos( )

d) Ding
Puong thing A c6 vécto chi phuong 13 E 2(3;4;5); véc to phap tuyén cua mit phing (ﬂ) la
n,(2;m;m).
Ta c6: sin(A,((ﬂ))):‘cos(u n )‘ [3:2+4.m+5m _ [6+9m[ [6+9m|
V314215 22 e mP+m?  5V24+2m? 1042+ m?
Do gboc gifra duc‘mg thang A va mit phing (ﬂ) bing 60°nén ta  co:
. |6+9m| _[6+9m| , ) ,
sin60° = <3.25(2+m")=9.(3m+2) < 2m° +36m-38=0
10\/2+m 10x/2+m ( ) ( )
{ m=1
=
m=-19

Cau2. Trong khong gian véi hé toa dd Oxyz, cho hai mat phéng (P):x+2y—2z+1=0,
(Q):x+my+(m-1)z+2019=0.

a) V6i m =1 thi goc giita mat phang (P) va mat phang (Q) bang 30°.



b) Piém H (2;2;1) 1 hinh chiéu vudng goc clia gbc toa 46 O xudng mit phang (R), cosin goc giita mat
phang (P) va mat phang (R) 1a g
¢) m;,m, 1a hai gia tri cia m dé géc giira hai mat phang (P), (Q) bang 60°. Khi 6 m, +m, =-1.
d) V6i m =1 thi hai mat phang (P) va (Q) tao v6i nhau mét géc nho nhat.

Loi giai
a) Sai

Véi m=1 thi mit phang (Q) c6 phuong trinh: X+ y+2019=0.
Mit phang (P):x+2y—2z+1=0 c6 vécto phap tuyén la Hl =(12;-2).

Mit phang (Q) 6 vécto phép tuyén 1a rull: =(110).

u L1+21+(-2)0 2
‘cos(nl;nz) = =—.
JE+22 (<22 2

Vay goc giita mit phang (P) va mit phang (Q) bang 45°.
b) Dlng.
Ta c6 OH = (2;2;1) 1 vécto phap tuyén clia mat phang(R).

uur u

‘COS(OH - 1.2+22+(-2).1

12422 +(-2)' N2+ 22+ 1

_4
5

, , 4
Vay cosin goc gitra mat phang (P) va mat phang (R) la s
¢) Sai.
Mit phang (P):x+2y—2z+1=0 c6 vécto phap tuyén la n, =(1,2;-2).

Mit phang (Q) c6 vécto phép tuyén 1a H: =(Lm;m-1).

‘Cos(nu'hm):l<:> ‘11+2m 2(m 1)‘ 1 ! :E<:>m2—m—1=0.
T2 \/12+22 \/12+m +(m- 1) \/Zm -2m+2 2

=m+m,=1.

d) Sai.
u uu [1.1+2m—2(m-1) ~ 1 ~ 1 1

‘COS

)=

< Goc

JE 4224 (=2)° 12+ m? + (m-1) 3J2m’ —2m+ 2 _3. z(m_1)2+3 3\/3
2

2



giita hai mat phang (P) va (Q) nho nhit < m= %

Cau3. Trong khong gian Oxyz, cho hai diém A(10;0); B(O;x/E;O) va cic duong thing

X=2+t
1 -2 X+1 y-2 z+3 . 5
dl:x+ - Y __Z ,d, Al A y:1+\/§t. X¢ét tinh dang /sai cua cac ménh de
1 2 1 1 -2 1
z=2+mt
sau.
a) Véc to chi phuong ctia duong thang d, va d, lan luot la u, = (1;—&;1) U, = (1;,-2;1).
b) Géc giita hai duong thang d, va d, 1a 60°
¢) C6 hai gia trj ctia tham s6 m thoa min goc giita duong thang A va duong thang d, bang 60°
d) Co6 hai gi tri caa tham s6 m thoa man goc gitra duong thang A va dudng thing AB bang
45°.

Loi giai
a) Dung
Véc to chi phuong ciia duong thang d, va d, 1an luot 14 u, :(1;—x/§;1), u, =(1;-2;1).
b) Sai
— — ‘1-1_*/5-(_2)+1-1‘ 2+22 :1+\/§

Ta co: cos(dl,dz):‘cos(ul,uz)‘ = -

\/12 +(—2 )2 F12 1 +(=2) 41 2J6 8

¢) Sai
Véc to chi phuong cua duong thang d, va A lan luot 12 ll :(1;—\/5;1), GA :(1;x/§;m).

Ta c6 cos(d,,A) ‘cos(ﬁf ‘Ll_ﬁ.f m -1
aco LA)= LUy ) = = .
\/12+(—\/§)2+12. 212" 4m? 2Ym*+3

Do goc gitra hai duong thfmg A va dudng thang d, bang 60°nén ta co:

00360°=M |m 4 < m-1= m’-2m+l=m’+3<m=-1
2/m? + 2 24m?+3
d) Sai
Véc to chi phuong ctia dudng thing AB va A 1an luot la E:(—l;ﬁ;o), u, =(L;v2;m).
_ 1144242+ 0m| 1

Ta co cos(AB,A)= ‘COS(E,UA) =

\/(—1)2+ 22+02.\/12+ 2" em? 3mi+3

Do goc gitta hai duong thing A va duong thing d, bang 45°nén ta co:




;@£=;@\/€\/m2+3=2@3m2+7=0

BYmi+3 2 BYm?+3

Khong c6 gia tri ndo cua tham sé m théa man goc gitta dudng thing A va dudng thing AB bang 45°
Cau 4. Trong khong gian v6i hé toa d6 Oxyz, cho lang try tir dién déu ABCD.A'B'C'D" canh day bang
1 va chiéu cao bang x sao cho O =D, C, thudc tia Ox, A thudc tia Oy, D thudc tia Oz .

€c0s45° =
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1 ”
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I ’
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a) Mot vecto phap tuyén cia (ABC,D;) 1a n, =(L,0;-1).

b) Véi x =3 thi géc ciia B,D mat phang (AB,C,D,) bang 60°.

¢) V6i x=2 thi goc gitta mit phang (CB,D,) va mit phiang (AB,C,D, ) bang 45°.

d) V6i x =4 thi goc giita duong thing B,D mit phang (AB,C,D,) 1a 16n nhat.
Loi giai

a) Sai.

Taco D,(0;0;0), A(0;10), C,(L0;0), B,(11,0).

D,A =(0:,0), DC, =(1;0;0).

Mt vecto phip tuyén cia (ABC,D,) 1a n, =[ D,A:DC, | = (0:0;-1).

b) Sai.

Tacé D(0;0;x), DB, =(LL—x).

Vi géc ciia B,D mit phang (AB,C,D,) bang 60°.

J§ U um

Suy ra sin(B,D;(ABC,D,)) = - & ‘cos(nl; DB,)

R R N AN

¢) Sai.



Tac6 C(L0;x), D;B, =(1;1;0), D,C =(L0;x).
UM U

Mit phang (CB,D; ) c6 mot vecto phap tuyén 1a rt;: = [DlBl, DlC] =(x-x-1).

Vi goc giita mit phang (CBlDl) va mit phiang (A_LBlchl) bang 45°.

u un
Suy ra ‘cos(nl,nz) :ga%zgazﬁ—lzozng.
2X°+1

d) Sai

Goi goc giita duong thang B,D mit phang (ABCD,) 1a & .

Khi d6 sinar = X4
IE+2 x2+2

Khong ton tai X dé goc gira dudng thang B,D mit phang (AB,C,D;,) 16n nhat.

= Phan 3. CAu hoi trac nghiém tra 1&i ngan. Thi sinh trd loi tir cu 1 dén cdu 6

X=t
A ~ . . \ 2 . . X y_l z+1 .
Caul. Trong khong gian Oxyz, cho hai duong thang d,:qy=1-2t, d, 2T T Goc

z=-3t

gitta hai duong thang d,,d, bang bao nhiéu d9?

Loi giai

Pap an: 30

Puong thing d, co vecto chi phuong u, =(1,-2;-3).

Puong thang d, co vecto chi phuong u, =(-4;1,5).

Cuw] a—2-1 J3

Do d6 cos(d,,d,)

[wljm] Viraresieitizs 2
Vay goc giita hai duong thang d,,d, 1a 30°.

Cau2. Trong khong gian v&i hé toa d6 Oxyz, cho mit phang (P) (2X+y—-22+3=0 va
(Q):x—2y+2z+1=0. Cosin clia goc tao bdi hai mit phang (P) va (Q) c6 gid tri la ...,

Loi giai

Dap so:

o~

Mit phing (P) ¢6 vecto phap tuyén ni = (2;1;—2) , mit phing (Q) ¢6 vecto phap tuyén
n, =(1;-2;2) . Goi & 14 goc gitra hai mat phing (P) va (Q) taco



o, 2.1-12-2. 4

e Ing||n| ) J2 T +(-2) P +(-2) 422 O

Ciau 3. Khi gan h¢ truc toa do Oxyz (don vi mdi truc tinh theo km) vao m&i san bay, mat phang (Oxy)
. . & 40 .
tring v4i mit sin bay. Mot may bay & vi tri Ag?; - 4 g} s& ha canh ¢ vi tri B(7;11;0) trén duong
]

bing. Goc giita dudng bay (mot phan ctua duong thang AB) va sin bay (mot phan cta mit
phing (Oxy)) bang bao nhiéu do (lam tron ké qua dén hang don vi)?
Loi giai

Pap an: 2.
_ —_ 2 L !
Taco: AB= (0;15;?4] , mat phang (Oxy) c6 vecto phap tuyén la n= (0;0;1).

-4

0.0+15.0+1. —
sin (AB, (Oxy))= > = 45:2331

\/02+152+g’54:. 00+0°+1

Ql-|-1O%,

P (AB,(Oxy))» 3

Vay gobc gitra duong bay va san bay khoang 3°.
Cau 4. Cho hinh 1ap phuong ABCD.A'B'C'D’ ¢6 canh bang a. Tim cosin cta goc tao boi hai mit

phang (ACD’) va (A'B'C'D’).
Loi giai

Pap so:

%
b
-’
&

m

D’

X C

Chon hé truc toa do Oxyz nhu hinh v&, ta c6 mit phing (A'B'C'D') trung véi mat phang
(Oxy)

nén c6 phuong trinh z =0, suy ra vecto phap tuyén ni = (O ;0 ;1) .



Ta c6 A(0;0;a), C(a;a;a),D'(a;0;0),AC =(a;a;0),AD'=(a;0;—a) nén mit phing
(ACD’) ¢6 cip vecto chi phuong la u =(1;l;0),\7 2(1;0;—1) . Mt phang (ACD’) ¢6 vecto

phép tuyén 1a n = (L-11). Goi ¢ 1a goc gitta mat phing (ACD') va mit phing (AB'CD').

10+0.(-1)+11 | 1
\/02+02+12.\/12+(—1)2+12‘ J3

Ta co COS@ ==

Cau 5. Trong mot bé hinh 1ap phuong canh 1m c¢6 chtra mét it nuwéc. Ngudi ta dit day bé nghiéng so
v6i mat phang ndm ngang. Biét rang, lac d6 mat nudc c6 dang hinh binh hanh ABCD va
khoang cach tir cac diém A, C dén day bé trong ing 1a 25cm, 75cm.

1m

im

1m

Tim khoang cach tir diém B dén mit day bé khi goc giita mit nude va mit day bé dat gia tri
nho nhét.

Loi giai

Pap an: 50.

N

o)
P ———-————-—-F ==

S

A

_____________ | .

X

Chon h¢ truc toa d6 (don vi trén mdi truc 1a centimét) sao cho cac canh cua hinh hp trung
v01 cac truc toa do nhu hinh trén.

Do hinh hinh hgp ¢6 kich thudc ddy [a Imx1m nén A(lOO; 0; 25) , B(O; 0; b) ,C (0;100; 75) .

Ta c6: AB =(-100;0;b—25) va AC =(-100;100;50).



Nén Niaac) =| AB, AC | = (2500 —100b; 7500 ~100b; ~10000) =100(25 - b; 75~ b; ~100)..

Dé goc giita mat nude va mit day bé dat gia tri nho nhét thi cos(( ABC),(Oxy)) dat gié tri 16n

nhét.
Khi d6 cos(( ABC),(Oxy))= ‘COS(H(ABC), E)‘ = % .
100 100

J(25-b) +(75-b) +(-100)° 26> ~2000+16250

Dé cos((ABC),(Oxy)) = 100 dat gié tri 16n nhét

~J2b? — 2000+ 16250

thi biéu thitc P = 2b* —200b+16250 dat gia tri nho nhét.

D@ thiy biéu thirc P =2b® —200b+16250 1a mot ham sb bac hai nén dat gia tri nho nhat 1a
P =11250

22

tai b=50 hay gia tri cos((ABC),(Oxy)) dat gia trj 16n nhét 1a =5 khi b=50.

x-3 y-1 z+3
2 1

Céu 6. Trong khong gian v6i hé toa dd Oxyz, cho dudng thang (d): va mat
phang (P) :X—3y+2+2=0 cit nhau. Phuong trinh mit phang (Q) chura (d ) va tao voi (P) mot goc

nho nhit1a x—4y+z+m=0. Khidé m bang bao nhiéu?

Loi giai
Dép sb: 4.
X=3+2t P)
Ta co (d):{y=1+t | goi | 1a giao diém ctia dudng
z=-3+2t
thang (d) va mat phing (P), ta c6 phuong

trinh 3+2t-3.(1+t)-3+2t+2=0 < t=1.Khido 1(5;2;-1).
Goi M la diém bat ky ndm trén duong thang (d) (M =1), H, K 1an luot 1a hinh chiéu ciia
M trén (P) va giao tuyén (A) ctia hai mat phang (P) va (Q) . Khi d6 goc gitra (P) va (Q)



1a MKH .

MH _ MH TR e
tan MKH === > "= . Suy ra MKH nho nhét khi HK = HI hay I =K khi do (d)L(A)
(d) ¢ véc to chi phuong 1a u, =(2;1;2) va (P) cé vecto phap tuyén n, =(1;-3;1) nén (A)
cod

8 u u —
vecto chi phuong u, =[u1,n1} =(7;0;-7) hay u, =(1;0;-1).

V1] w u ‘
(Q) chira (A) va (d) nén nhan n, =| u,;u; | =(%-4:1) lam vecto phap tuyén.
Vay mit phang (Q) di qua M (3;1;—3) va nhan rL;; =(1;-4;1) lam vecto phép tuyén nén co
phuong
trinh
1.(x-3)-4(y-1)+(z+3)=0
S X—-4y+z+4=0.

Vay m=4.

+Pe ©:

=" Phén 1. Ciu héi tric nghiém nhiéu phwong an lwa chon. Thi sinh trd o1 tir cdu 1 dén cdu 12. Mbi
cau hoi, thi sinh chi chon 1 phwong an.

Ciu 1. Trong khong gian v6i hé toa dd Oxyz, cho hai duong thang d, va duong thang d, lan lugt c6
véc-to chi phuong la l]dl = (l;—2;—3) va Uy = (—4;1;5). Goc gitra hai duong thang d,, d, 1a

A. 30°. B. 45°. C. 90°. D. 60°.

Loi giai

u, =(L-2-3)
Ta co .

d, 0,

|-4-2-15 J3
cos(d;;d,)= = =—.
o(dic) O, |0, | VI+4+9416+1+25 2

Suy ra (d,;d,)=30°

Ciu 2. Trong khong gian Oxyz, cho dudng thang d ¢6 VTCP U =(2;2;1).Goi & 1a goc gitra d va tryc
Ox. Tinh cosa.
1 2 c 22

A.—-. B.-. .
2 - 3 3

Wl

Loi giai



Truc OX ¢6 VTCP i=(%0;0).
Puong thiang d ¢6 VICP i = (l; 2; 2).

A o 21+0.2+0.1 2
Vay COSO{Z‘COS(I,U)‘:\/12+02+02.\/12+22+22 :5.

Cau 3. Trong khong gian véi hé truc toa do Oxyz, cho hai mat phang (P):2x-y-z-3=0 va
(Q):x—-z-2=0. Géc giira hai mit phang (P) va (Q) bang
A. 30°. B. 45°. C. 60°. D. 90°.

Loi gidi
Taco (P):2x—y-z-3=0= VTPT n =(2,-1-1).

(Q):x-z-2=0=VTPT n, =(L,0;-1).

chi s cos(( \n n, \2 1+0,( 1) (D1 VB

(i N TR T
Do d6 ((P).(Q))=30°.

Céiu 4. Trong khong gian véi hé truc Oxyz, cho dudng thiang d :X;2 = y+1: 21

va mat phang

-1
(P):2x—y—z—-5=0. Hay tinh cosin géc tao bdi dudng thang (d) va mit phang (P).
A= Bl c Y2 £
& ¥y C

Loi giai
Puong thing d ¢6 vecto chi phuong 1 U = (2,-1;2).
(P) c6 vecto phap tuyén n= (2; -1, —1) .

Goi @ 14 géc tao bdi dudng thang (d) va mit phang (P) (0°<a <90°), ta co:

. jun 4+1-2]
SIha = = =

1
b 22 (a2 e (2 (2 VB
Khi d6 cosa =+1-sin’a = \/1—7% S

Cau 5. Trong khoéng gian Oxyz, cho mat phiang (P):%+%+§:l va duong thang

d:x—2:y—2:z—2
1 2

. Biét rang trong mat phang (P) c6 hai duong thang d,,d, cing di qua diém



A(L;-1;1) va cung cach duong théng d mot khoang bé“mg 1. Tinh sing v&i ¢ 1a goc gitta hai duong

théng d,,d,.
1 e
2

A.=. B.1 C.
2

&
~N | w

Loi gidi

Theo bai ra ta c6: (P) Ld. Va (P)nd=1(0;0) = Al =+2.
Goi H 1a hinh chiéu vudng goc cia | 1én dudng thing d, taco HI =1

1
2

.~ H ~ ~
Trong tam giac vuong HAI ta c6 SinA = N5 A=45"=2A=90°

= =180 -2A=90.

Vay taco sinp=1.

Céu 6. Trong khong gian Oxyz, cho mit phang (P) :2X—y+2z-1=0 va mit phang
( ) 4x—-4y+3z-2=0. Puong thing A song song véi mit phing (P) , ¢6 mot vecto chi phuong
u= (m n; 1) Khi A tao véi (Q) mot goc 16n nhat thi sin cta goc tao boi duong thang A va mit phing
(Q) bang bao nhiéu?

A 24 B. 1. c. Y p, Y205
41 41 41
Loi giai

Taco N, =(2-12) va n, =(4,-4;3).
Vi A//(P)nénuln,=2m-n+2=0&n=2m+2,

\u N |am-an+3  [4m+5

‘ “F‘ JmZn? 4141 J41/5m? +8m+5

Mat khac: sm




16m? +40m+25

1
B JH'\/ 5m?+8m+5
Vi 0°<(A,(Q))<90° nén (A,(Q)) 16n nhat khi sin(A,(Q)) Ién nhét.

2 _ 2_
Xét ham s6 f(m):16m 2+40m+25 o f '(m): 72m 90m2 '
BBT
5

™ froo 4 0 oo

v — 0 + 0 -~

y g / 5\

5

0 16

5

Dya vao BBT ta c6 max f (m)=5 tai m=0.

mel]

Do d6 (A,(Q)) 1én nhat khi m=0. Suy ra sin(A,(Q))= %.

Céu 7. Trong khong gian véi hé toa dd Oxyz , tinh goc giita mit phang (P) :2Xx—3y—4=0 va mit phang
(Oxy).
A. 30°. B. 90°. C. 60°. D. 0°.
Loi giai
Chon B.
Mit phang (P) :2X—-3y—4=0 c6 vecto phap tuyén 1a n? =(2;-3;0).

Mit phang (Oxy) c¢6 phuong trinh Z =0 nén c6 vecto phap tuyén 1a nj = (O; 0; 1) .

Do do, cos((P), (Oxy)):‘cos(E, FZ)‘: ‘le‘r‘ni‘ =0, suyra ((P), (Oxy))=90°.
1 2

Vay goc gitra mat phang (P) vamat phing (Oxy) bang 90°.

Cau 8. Trong khong gian voi hé toa do Oxyz, goc giita duong thang d chira tryc OX va mit phang
(P):3y-z+5=0 bang

A. 90°. B. 60°. C. 0°. D. 30°.

Loi giai



Chon C.
Pudng thing d chira truc OX cé vecto chi phuong u = (1; 0; O); mit phiang (P) ¢6 vecto phap tuyén
n =(0;3;-1).

| | . [uw
Goi a 1a goc tao boi d va (P) Ta co Sina:‘cos(u, n)‘: L =0,suyra a=0°.
[ul{m]
X=2-t
Cau9. Trong khong gian véi hé toa do Oxyz, tinh géc giita hai duong thang d;:{y =1+t va
z=5

X =-2t'
d,:qy=-3+t".

z=1-2t'
A. 60°. B. 45°. C. 30°. D. 90°.

Loi giai
Chon B.
Tacé U, =(-1;1;0) 14 vecto chi phuong ctia dudng thing d,;
=(-2;1;-2) 1a vecto chi phuong cia dudng thang d,.
- u -1.(-2)+1.1+0.(-2
Suyra/cos(dl,dz):{cos(ul, )‘ ‘ - ‘ (-2) ( szlﬁg_
T s
Vay (d,,d,)=45°.
A N . 1A R , . en e 2 Xx-1 y+5 z |

Céu 10. Trong khong gian v6i hé toa do Oxyz, tinh goc gifra hai duong thang d, : 4 12 va

X=3+2t
d,:qy=-3

1=2-2t
A. 60°. B. 90°. C. 30°. D. 45°.

Loi giai

Chon A.

Taco U =(1;~1;4) 1a vecto chi phuong ctia dudng thing d, ;

= (2; 0;- 2) 1a vecto chi phuong ctia dudng thing d,, .



— _.>‘ ‘ul 6

Suy ra cos(dl,dz):‘cos(ul, ‘uHu ‘ WD %
1 2

Vay (d;, d,)=60°.

Cau 11. Kim ty thdp Kheops & Ai Cép c¢6 dang hinh chép S.ABCD , ¢6 ddy 1a hinh vudng véi canh dai
230 m, cac canh bén bang nhau va dai 219m (theo britannica.com) (hinh v&). Goi G 1a trong tdm tam
gidc SCD . Tinh goc gitra hai dudng thing BG va SA (lam tron toi hang don vi do).

A. 66°. B. 69°. C. 70°. D. 71°.

Chon D.

Goi O=ACNBD. Do S.ABCD 14 hinh chop déu nén ta chon hé truc toa @ Oxyz nhu hinh v&.
bat AB=230=a, SA=219=D.

\/_

2

Tacdo OA=0OB=0C=0D=—-—

2 2 2
Tam giac SAO vuodng tai O co6 SO =+/SA? —OA? :\/bg_Zj _ \/4b . 2a '

a2 J B{o- #;OJ, (a*z/_ oo} D( a*z/_ j,s[o,o,@}

Do do: A——OO
2 2



Vi G 1a trong tm tam giac SCD nén GL 5

a2 a2 x/4b22a2]
) ) 6 .

Ta co gﬂ\{—

a\/z_o__\/4b2—2a2} %[a\/ﬁ_Za\/ﬁ_bez—Zaz]
2 ' 2 Tl e " 3 6 '

a2_4b2—2a2 _a72_2b2—a2 b2

_SABGl 6 12 | |6 6

_ AR _ 3
SAlfee] bfesat o btesa b esal
Sl BRGNS

Suy ra COS(SA, BG)

_ b _ 219
Jb2+8a2  +J471161°
Vay (SA, BG) =~ 71°2340" .

CAiu 12. Cho hinh chop S.ABC c¢6 day la tam gidc vudng cantai B co0 AB=BC =4.Goi H la trung
diém ciia AB, SH L (ABC). Mit phing (SBC) tao véi mat ddy mot goc 60°. Cosin gbe giira hai mit
phang (SAC) va (ABC) bang

RS CS c. M0, p. L.
5 4 5 -7
Loi giai
Chon D.

= BC L(SAB).

(ABLBC
CcO
SH L BC



nén ((SBC),(ABC))=(SB, AB)=SBA=60°.

(
Vi(
(
(

Suy ra SH = BH tan60° = 2+/3..

Chon h¢ toa d0 Hxyz nhu hinh vé.

Taco H(0;0;0), A(-2;0;0), B(2;0;0), C(2;4;0), $(0;0;23), 1(0;2;0) véi | Ia trung diém
cia AC .

Mit phang (ABC) c6 phuong trinh 1a 2 =0.

Mit phing (SAC) céit ba truc Hx, Hy, Hz lin luot tai cac diém A(=2;0;0), 1(0;2;0), $(0;0; 2/3)

nén c6 phuong trinh: A S | < 3x+3y+\fz 6=0.

2 2 23
Bacl
149+9+3 ﬁ

Goi ¢ la goc gitra (SAC) va (ABC), tacd COSQp = ————
Vay cosin goc giira hai mit phang (SAC) va (ABC) bang % .

= Phén 2. Tric nghiém lwa chon ding sai. Thi sinh trd 1o tir cdu 1 dén cdu 4. Trong mdi y a), b),
c), d) & méi cdu, thi sinh chon ding hodc sai.

Ciu 1. Trong khong gian Oxyz, cho hai mit phang (P):x—2y+2z-1=0va (Q):x—my—-6+m=0.

Goi n ., va n lan luot 1a vecto phap tuyén cta (P) va (Q).

(P)
a) [1] Mat phéng (P):x=2y+2z-1=0 c6 VIPT I n, =(1;-2;2).

b) [1] cos((P).(Q))= ‘cos( ey ?)‘

¢) [2] Vi m=0 thi hai mit phang (P) va (Q) vuong gbc nhau.

d) [3] Tong cac gi tri cia m dé goc giita hai mit phang (P) va (Q) bang 45° 1a 8.

Loi giai

a) b) c) d)
b b S b
a) Mat phang (P):x—2y+2z2-1=0 ¢6 VIPT la n, =(1;-2;2).

b)cos((P).(Q))= ‘cos(@;@)‘ .




¢) Véi m=0, VTPT la n (1 0; O) Suy ra @.@:17&0. Suy ra hai mat phéng (P) va

(Q) khéng vudng goc nhau.
d) Mit phang (Q) c6 VTPT la n =(1;-m;0).

cos((P), (Q)):cos45°
|1+ 2m| [m 1

L «/_

Suy ra tong céc gid tri clia m dé goc giita hai mat phang (P) va (Q) bang 45° 1a 8.

X=t

CAu 2. Trong khong gian, cho mit phing (P):x—y+3z-1=0 va duong thang (d):qy=-2t

zZ=t

a) [1] duong thing d c6 mot vecto chi phuong la u(yL -2,1) va midt phéng
(P):x—y+3z-1=0 c6 mét vecto phap tuyén la n(1,-13).

b) [2]cos(d,(P))= 1%

¢) [3] Goi (Q) 1a mit phang song song véi (P), khi d6 gid tri sin cla goc gitta d va (Q) bang

N

11

d) [4] C6 dung mot mit phang di qua gde toa do, vudng goc voi (P) vatao véi d mot goc 30°

Loi giai
a) b) c) d)
b S b S

a) dudng thang d c6 mot vecto chi phuong 1a u(L-2;1) va mat phang (P):x—y+3z-1=0

c6 mot vecto phap tuyén 1a n(L-13).

. \G n| _\/*
O

¢) Vi (Q) song song véi (P) nén n(L-13) ciing la mot vecto phap tuyén ciia (Q). Do do:

sm ‘?i‘:\/gzﬁ
ViV



d) Goi (R): Ax+By+Cz =0 la mit phang di qua goc toa d¢, vudng goc véi (P) va tao véi d
mot goc 30°.

Taco: (R) L(P)=A-B+3C=0=A=B-3C.
Mit khac: sin(d;(R))=sin30° :%

|A-2B+C|
J6.(A2+B2+C?)
& 4(-B-2C)" =6(2B”+10C* -6BC)

B=C

< 8B?-52BC+44C° =0 11
B :?C

_1
2

Vi B=C, chon n, =(~2;1;1) Ia vecto phap tuyén cua (R)
) 11 - . . e .
Véi B= EC , chon n, =(5;11;2) 1a vecto phép tuyén cia (R)

C6 hai cip vecto phap tuyén nén c6 hai mit phang (R) thod yéu cau bai toan.

X =t
Xx-1 y+2 72+2

3 2 2

vad la

Céu 3. Trong khong gian Oxyz, cho cac duong thang A:{y=2-3t, A':
z=1+2t

giao tuyén cua hai mit phang (P): X+2y—-2+1=0 va (Q):2X+3Z—2:0.

a) Goi U va U’ lan luot 13 cac vecto chi phuong cta hai duong thang A va A’. Khi d6
uu’

COS(A, A’) =TS = .

‘u‘. u’

Jia

b) Césin goc giita hai dudng thang A va truc OX bang EVE
. . : . . 5
¢) Goi a 1a goc gitra hai duong thang A va A’. Khi d6 cosa = —.
goc g g g 238

d) Goc giira hai duong thang d va A’ bang 90°.

Loi giai

a)s b) b )b do

u
* Phuong an a) sai: vi cos(A,A") =
u




* Phuong an b) ding:

Pudng thing A c6 vecto chi phuong 1a u, =(~1-3;2)
Truc OX 6 vecto chi phuong 1a i = (1,0;0).

1 J1_4

juy

w8

Ta c6 cos A OX
* Phuong an c) dang:

Duodng thing A c6 vecto chi phuong 13 U, = (-1,-3;2)

Puong thang A’ ¢6 vecto chi phuong 13 Q =(3,2;2)

juyuy 5 5

‘uHu‘ JIaT 238

* Phuong an d) dang:

Ta cod cosa =

Hai mit phing (P)va (Q) c6 céc vecto phap tuyén lan lugt lan, = (L,2;-1), @ =(2;0;3)
Puong thing d c6 vecto chi phuong 13 u, = [E, E] =(6;-5,-4)

Puong théng A" ¢6 vecto chi phuong la E = (3; 2; 2)

‘u ‘ =0=(d,A")=90°.

Ug|Ju] ff

Cau 4. Cho hinh chép S.ABCD c¢6 day ABCD 1a hinh chit nhat, AB =1, BC = J3,5A=1va SA vuong
goc voi mat day. Pat hé truc toa d6 OXyz nhu hinh v€ sau:

Ta c6 cos(d,A") = ‘

a) Toa ¢ céc diém B,C 1a B(L 0;0),C(L3;0) .

b) Mot vecto chi phuong cua duong thang SB 14 u= (1; -1 1) .



¢) Mot vecto phap tuyén ciia mat phiang (SBD) 1a n= (\/5, 1,3 )

d) Goi a la géc giira hai duong thang BD va (SBC). Khi d6 sina = %.

Loi giai

a)b b) S )b d) b

Ta c6: A(0;0;0),B(L 0;0),C (% 4/3;0),D(0;4/3;0),5(0; 0;1)
* Phuong 4n a) dang: B(10;0),C (1; J3: O)
* Phuong an b) sai: Puong thing SB c6 vecto chi phuong 1a SB = (1; 0; —l)
* Phuong an ¢) dung:
Tacé SB = (30;-1), BD = (—1; NER 0) = [S—Bﬁ] = (\@ 1 \@)
Vay mit phang (SBD) c6 mot vecto phap tuyén la n = (\/§ 1,3 )
* Phuong an d) dang:
Ta c6 SB = (L0;-1), BC = (O; J3; 0) = [S@,ﬁ] = (\/é, 0; \/é) Suy ra mit phang (SBC)

c6 mot vecto phap tuyén la n= (1; 0; 1).

Puong thang BD ¢6 vecto chi phuong 1a u=BD = (—l; J3; O)

Taco sina = ‘Jﬁ‘ :Lzﬁ

i 2z 4

="Phan 3. Cau hoi trac nghiém tra 1&i ngan. Thi sinh trd loi tir cdu 1 dén cdu 6
CAu 1. Trong khong gian véi hé toa dd Oxyz , goc tao béi truc Oz va mat phéng (a ):2X- y+z-7=0
bang a° (két qua 1am tron dén hang phan mudi). Gia tri a 1a

Loi giai
Truc Oz c¢6 veco chi phuong la k= (0;0;1) va mit phang (a):2x- y+ z- 7= 0c6 vecto phap tuyén
n= (2;- 1,1).

a co sin(Oz = ‘02+0( 1)+11‘ -1
Tacs on(02 )= ‘J(WL‘ Jov o 2 ey ey VB




Vay (Oz,(a))= 24,1°.

Céu 2. Cho hinh lang try dimg ABC.ABC ¢cé chiéu cao bang 5, day 1 tam giac vudng cin tai A, canh
bang 3. M 1 trung diém ciia BC . Géc tao boi dudng thang AM va AB bang a° ( két qua lam tron
dén hang don vi). Gia tri a 1a

Loi giai

Chon h¢ toa d® Oxyz nhu hinh vé& trén. Khi d6 A(0;0;0), A40;0;5),B(3;0;0), C(0;3;0)

Vi M 1 trung diém BCnén M g;g;og.
[%]

2 uw 2
DPuong thang AB co vecto chi phuong AB = (3;0;0), duong thang AM c¢6 vecto chi phuong

Uuur a3 3 )
AM =6—;—:- 5.
2 2 [7]

g UuuLe ‘ 3 3 >{

AB.AM 3.§+ O.§+ 0.(— 5 3

Vay cos(AB, AgV )= = . — BT
N T
(%] (%]

Suy ra (AB, AgVl )= 74°.

Cau 3. Trong khong gian véi hé toa do Oxyz, cho (P):X- y+z-2=0,d :X_—11= %= i:LVél

diém A(2;1;1)i (P) . Buong thaing D qua A, nim trong (P) va tao véi d mot goc nhé
nhét. Biét D C(Oxy)= B(m;n;p). Gidtri T= 7m+ 7n+ pbang

Loi giai



Goi d¢ 1a duong thang qua A va song song véi d . Trén d ¢ 1y diém | ; H 13 hinh chiéu vudng
goc cta | trén (P)va K 14 hinh chiéu vuéng goc ctia H trén D .
Khi do (d,D)= (d¢D)= IAK = a .

ma Sina = %3 % suyraa_ U H° K hay D qua A va H,hay D Ia hinh chiéu vuéng

goc cua d¢ trén (P).
Ta c6: (P)co vecto phép tuyén n = (1;- 1;1), d ¢6 vecto chi phuong ud ¢ 1,2;2),suyra

?(P),ud U= (4:3;- D).

um un uuar - -2 y-1 z-1
g](p), (AIH)H ?(p)1g](p),udai—( 2 5 7)p D 2 = 5 = 7

Khi d6 D C(Oxy)= BP Bgﬂ—G 2

0 , do do m:En—g,p:O.
7 7
Vay T=7m+ 7n+ p=18.
Cau 4. Trong khong gian Oxyz , goc giita hai mat phang (P):2x—y+2z-10=0 va mat phing

(Q):x+y+4z+10=0 bang a°. Tinh gi tri biéu thirc T =1-2cos’ a

Loi giai
Dap an: 0
Vecto phép tuyén clia (P) la nj = (—2;1; -2).
Vecto phap tuyén cta (Q)1a n, =(1,14).
‘n ‘ (-2).1+1.1+(-2) 4 9 2

cos((P).(Q))= ‘cos(nj,nj)

e \/— T (-2) N1+ 42 332 2

T=1-2cos’a=0.



Céu 5. Mot chiée ban gip gon dd duoc thiét 1ap hé toa do Oxyz . Piém A 13 chan ban tiép xuc voi mat dét

X=-3+t
thuoc dudng thang a:{y=1+t  cat mit ban (P):X+y—-2z+6=0 tai diém F. Dy dai chan ban
Z=—-2+4t

FA= 40\/§ cm, khi d6 do cao cua mit ban tinh tir mit dat 1a bao nhiéu cm?

Dap an: 40

X=-3+t
Puong thing a:4y =1+t  ¢6 vecto chi phuong u=(L14).
Z=-2+4t

Mit phang (P) X+Y—22+6=0 c6 vecto phap tuyén n= (1;1; —2).

sin(a,(P))= ‘cos(ﬁ, ﬁ)‘ = ‘u.n“ = \/g =sing

‘un

Do cao clia mit ban tinh tir mat dat 1 khoang cach tir chan ban 4 dén mit phang (P)

Suy ra d (A, (P))= AH =FAsing = 40\/5.\/2 =40cm.

Cau 6. Mot k¥ su Strong thiép 1ap mot hé toa A6 Oxyz dé theo ddi vi tri lép dat cua 2 mai nha da duoc
gin v6i nhau tao thanh hinh chit V vao cic thanh da sao cho chuan xac nhat. Biét phuong trinh mit
phang chtra 2 mai la (P):x+2y-2z+6=0 va (Q):x+2y+z-5=0, diém 4 1a noc ngdi, 2 diém B, F
1a ria dudi ng6i ctia mdi mai tiép xtic gitra mai va thanh da nhu hinh v& (cac thanh da dai nhu nhau) khi
c0 dinh phan dudi ciia ngdi nha. Khoang cach BF =20m, khi do ti so d dai cua thanh da AF va khoang
cach BF bang



Loi gii

Dap an: 0,92

Mit phiang (P):X+2y—22+6:0 c6 vecto phap tuyén ﬁ:(l;Z;—Z).

Mit phang (Q):X+2y+2—-5=0 c6 vecto phap tuyén ﬁ:(l;Z;l).

oos((P)(@)) =fos(. = L B (P ()06

Khi rap 2 mai tiép xtc v6i cac thanh da bén dusi ta duoc BAF =((P);(Q))~ 66°.



Theo dé tam giac ABF can tai 4 vi AB=AF = AFB =57°
Goi H 1a trung diém BF, khi d6 AH ciing 1a dudng cao trong tam giac can ABF,

AF :Lz18,4m

cosAFH

Tisé£=0,92.
BF

---HET-----



