PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

CHUONG IX. PUONG TRON NGOAI TIEP VA PUONG TRON NOI TIEP
BAI 29. TU GIAC NOI TIEP
A. KIEN THUC CAN NHO
I. Dinh nghia
T gi4c c6 bon dinh ndm trén mot dudng tron goi 14 tir giac nodi tiép duong tron (hodc don gian 13 tir giac
ndi tiép) va duong tron dugc goi la ngoai tiep tr giac.

A

I1. Tinh chat

* Dinh li: Trong mot t& giac ndi tiép, tong sé do hai goc dbi nhau bang 180°

II1. Pwong tron ngoai tiép hinh chir nhit va hinh vudng

Hinh chir nhat va hinh vuédng 1a céc tir gidc ndi tiép. Puong tron ngoai tiép cua ching c6 tam 1a giao diém
cua hai duong chéo va ban kinh bang mdt ntra d§ dai duong chéo.

B. PHAN LOAI CAC BAI TAP

I. Tinh toan

Bai toan 1. Cho ABCD la tir giac noi tiép. Tinh s6 do ctia cac goc con lai cia tir giac trong mdi trudng

hop sau:
a) A=60°, B=60° b) 4=70°, B=90"
c) A=100°, B=60" d) 4=100°, B=80°
Loi giai

a) (Xem hinh v¢)

B

85°

C
60°
A D

Ta ¢6 ABCD la ttr gidc ndi tiép nén A+C=180"
Hay 60°+C=180°
— C=180°-60°=120°

Tuong tu: B+D=180°

— D=180°-B
=180°—85°
— 950

Trang: 1.
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70°
B¢ —

b)
Tacd ABCD la tir giac noi tiép nén

A+C=180°= 4 =180°~C

—180°—90°
=90°
Toong toi: B+ D =180°
= D=180°-B
—180°—70°
~110°
c¢) Ban tu v€ hinh

Tacd ABCD la tir giac noi tiép nén
A+C=180°= A =180°-C
~180°-100°
=80°
Toong toi: B+ D =180°
— D=180°-B
=180° - 60°
=120°
d) Péap sé: C=180° — 4=180°—80° =100°

B=180°-D=180°-110°=70°

Bai toan 2. Tinh sé do cac goc B va C cua tir giac ABCD trong hinh v&. Biét tir gidc ABCD noi tiép trong
duong tron.

Loi giai

Ta co: BAD =180°— DAx (ké bu)
= 180°—50°
~130°

Trang: 2.
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Tacd ABCD la tir giac ndi tiép nén
A+C=180°= C =180°- 4

=180°—-130°

=50°
Toong ti: B+ D =180°

= B=180°-D
=180°—-78°
=102°
Bai toan 3. Buc tranh treo tudng c6 v& mot tir giac ABCD ndi tiép dudng tron tim O (hinh v&). Cho biét
ABC =70°,0DC =50°. Tim goc AOD .
Loi giai

A D

0 Ty
L/

Tt gidc ABCD ni tiép dudng tron (O)

Nén ADC + ABC =180°
Suy ra ADC =180°— ABC =180°—70° =110°
Ma ADC = ADO +ODC
ADO = ADC - ODC
=110°-50°
= 60°
Tam giac AOD can tai O c6 ADO = 60° (cmt) suy ra DAO = 60°
AOD =180°—2.60° = 60°
Vay AOD = 60°

Bai toan 4. Trong hinh vé ABCD 14 tir giac ndi tiép. Tinh sé do cac goc x, v, z.

Loi giai

Taco: ADC+CDE =180° (k& bu)

Trang: 3.
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ADC =180°— CDE
=180°-70°
=110°
Ta giac ABCD noi tiép nén ABC + ADC =180°
ABC =180°— ADC
=180°-110°
=70°

Ma ABC = ABD+ DBC
( DBC = ABC — ABD

=70°-50°

=20°
Bén diém 4, B,C,D nam trén dudng tron CAD = DBC =20° (hai goc ndi tiép cung chan cung
CD).
Vay x =20°

Ta lai co ABD vi ACD 14 hai gdc noi tiép cung chin cung AD

ABD = ACD =50° hay z=50°.

Ta c6 BCD = BCA+ ACD = 47°+50°=97°

Ma ( BCD + DCE =180° (k& bu)

DCE =180°— BCD =180°—97° = 83°

Xét tam giac DCE , taco:

DCE +CED + CDE =180° hay 83°+70°+ CED = 180°

CED =180°—(83°+70°) =27°

Vay y=27°.
Bai todn 5. Cho tam gidc ABC ndi tiép dudng tron (O) théa man ABC = 60°, ACB =70°. Gia st D Ia
diém thudc cung BC khong chita A . Tinh sb do goc BDC .

Loi giai

A

Xét tam giac ABC, ta co:
BAC + ABC + ACB =180°

Trang: 4.
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%:180%(@%+Z€7§)
=180°—(60° + 70°)
—50°
T giac ABCD ndi tiép nén: BDC + BAC =180°
BDC =180°— BAC =180°—50° = 130°

Bai toan 6. Tinh s do cac goc cua tir gidc ndi tiép 4BCD trong hinh vé

Loi giai

Tam giac AOB can tai O

A/O\B=O/BT4=%=57,5°

Tuong ty tam giac BOC can tai O

@:@:w:ﬂo

Do d6 ABC = OBA+OBC =57,5°+51°=108,5°
Ta c6 tit gidc ABCD ndi tiép nén ADC + ABC =180°
ADC =180°— ABC =180°—108,5° = 71,5°

Lai c6 tam gidc AOD can tai O

Nén @:@:wﬂr

Ma BAD = OAB + OAD =57,5°+37° = 94,5°
Vi tir gidc ABCD ndi tiép nén BCD + BAD =180°
BAD =180°— BCD =180°—94,5° =85,5°.

Bai toan 7. Tinh dién tich ctia mot hinh chit nhat, biét rang hinh chir nhat d6 c6 chiéu dai gip hai 1an chiéu
rong va ban kinh dudng tron ngoai tiép bang 2,5cm
Hwéng din: Hinh chit nhat 4BCD 1a tir giac noi tiép va dudng tron ngoai tiép c6 tam 1a giao
diém hai duong chéo va ban kinh bang mot nira d6 dai dudng chéo.

Loi giai

Trang: 5.
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Tacé AC la dudng kinh cia duong tron ngoai tiép AC=2.2,5=5(cm)
Goi chiéu rong hinh chit nhét 1a x thi chiéu dai hinh chit nhat 1a 2x

Xét tam gidc ABC vudng tai B . Theo dinh li Pythagore; ta c6:

x’ +(2x)2 =5 =5x°=25 =x’=5 :>x:\/§(cm)
Vay chidu rong hinh chit nhat 1a /5 (cm) va chidu dai 1a 24/5 (cm)
Do dé dién tich hinh chit nhat ABCD la: </5.2:/5=10(cm’)

Bai toan 8. Xac dinh tdm va ban kinh dudng tron ngoai tiép hinh chir nhat va hinh vudng trong hinh v&.

4

M N
B 4 C
4
3
A D 0 P
a) b)
Loi giai
(Xem hinh vé a).
B 4 c
3
1
A D
a)

Goi I 1a giao diém cta hai duong chéo AC;BD cua hinh chir nhat ACBD nén I 1a trung diém
cua AC.

Tam gidc ABC vuodng tai B . Theo dinh li Pythagore; ta c6: AC*>=AB*>+BC*=3"+4’
= AC=43"+4% =5
Viy duong tron ngoai tiép hinh chit nhat c¢6 tdm I ( 1a trung diém cua AC ) va ban kinh

R AC S s
2 2

Trang: 6.
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(Xem hinh vé b).

b)
Goi J 1a giao diém cta hai dudng chéo hinh vuéng MNPQ nén J 1a trung diém cta ON .
Tam giac OMN vudng tai M . Theo dinh li Pythagore; ta c6: QN =0OM >+ MN> =4> +4°

= ON=./4+4*> =42

Vay dudng tron ngoai tiép hinh vudng c6 tdim J ( 1a trung diém ciia ON ) va ban kinh

a2

Tong quét: Ta co ban kinh duong tron ngoai tiép hinh vudéng canh a bang -

Bai toan 9. Cho dudng tron tdim O ¢6 ban kinh R=5cm
a) Tinh d6 dai canh ctia hinh vuéng noi tiép trong (0) .

b) Mot hinh chit nhat ndi tiép trong (0) c6 chu vi (0) . Tinh chiéu dai va chiéu rong cua hinh

chir nhat dé

Huwéng din: Hinh vudng va hinh chit nhat 1 cac t gidc ndi tiép. Puong tron ngoai tiép cua

chung c6 tam 1a giao di€m cua hai duong chéo va ban kinh bang mdt nira @6 dai dudng chéo.
Loi giai

a) (Xem hinh v¢).

D
Goi hinh vudng ndi tiép trong duong tron (O;5cm) 1a ABCD
Taco: AC=2.R=2.5=10(cm)

Goi canh hinh vudng 14 x. Theo dinh li Pythagore, ta co:
x+x>=4C?

2x* =10’

Trang: 7.
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x> =50

x:\/% = 5\/5

Vay canh hinh vudng ndi tiép trong duong tron (0;5 cm) bang 52
b) ( Xem hinh v¢)

Goi chiéu dai a, chiéu rong b .

Ta c6 chu vi hinh chir nhat 2(a+b)=28

Nua chuvi a+b=14

Tam gidc ABC vudng tai B . Theo dinh li Pythagore; ta co:

a’+b’=AC?

a’+b* =10’

a’+b>=100

Theo bai ra, ta c6 hé¢ phuong trinh{ 2a+b:14 (1)
a’+b>=100 (2) (a>b>0)

Tu (1) suyra b=14—a (¥)

Thé (*) vao (2), ta co:

a* +(14—a)’ =100

a* +(196-28a+a") =100

2a° -28a+196-100=0

a’—14a+48=0

a’—8a—6a+48=0

a(a—8)—6(a—8):0

(a—8)(a—6):0

a—8=0 hoac a-6=0

a=8=>b=14-8=6 (Via>b)

Vay chiéu dai cta hinh chit nhat 1 8cm va chidu rong 1a 6cm .

Bai toan 10. Cho hinh vuéng ABCD c6 canh bfmg 4cm. Tinh chu vi; dién tich ctia cac duong tron ndi

tiép va ngoai tiép hinh vuéng ABCD

Trang: 8.
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Huwoéng din: Can tinh ban kinh duong tron ndi tiép, ngoai tiép

Loi giai
B 4cm C
R
r /o
A D
5 o7 K BC 4
D¢ thay béan kinh dudng tron ndi ti€p r :72522(cm)

Chu vi dudng tron noi tiép hinh vudng B=2nr=2.7.2=4r (cm)
Dién tich duong tron ndi tiép hinh vudng S, =77 =7.2’ :47r(cm2)
Hinh vuéng ABCD noi tiép trong dudng tron (O;R) c6 ABCD la duong kinh.
Xét tam gidc ABC vudng tai B . Theo dinh li Pythagore; ta co:
AC*=AB> +BC* =4*+ 4
= AC:\/m:4\/5(cm)
—=R=22 (cm)
Chu vi duong tron ngoai tiép hinh vudng P,=27R=2.7.2y2 =427 (cm)
Dién tich duong tron ndi tiép hinh vudng S, =7 R* =7Z'.(2\/§ )2 :87r(cm2 ) .
I1. Chung minh
Bai toan 11. Cho diém / nim ngoai dudng tron (O). Qua / ké hai dudng thang 1an luot cét (O) tai bén
diém A;B:;C;D sao cho A niam gitta B va I; C nam gitta D va . Chting minh ring
IBD=IAC;IAC=IDB va IA.IB=IC.ID

Loi giai

Ta c6 tir gide ABCD ndi tiép trong dudng tron (O) nén IBD+ ACD=180°
Ma ICA+ ACD=180° (k& bu)

= IBD=1ICA .

Trang: 9.
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Chtrng minh tuong ty ta c6 : IDB=IAC
Xét AIAC va AIDB cb:

IDB=IAC (cmt)

IBD=1ICA (cmt)

Do d6 AIAC »AIDB (g-g)

:>ﬁ=£:>[A.IB=IC.ID
IC IB

Bai toan 12. Cho ABCD la tir giac noi tiép.
a) Ching minh rang BAC=BDC.
b) AC cat BD tai M . Ching minh rang: MA.MC=MB.MD .

Loi giai

a) Ta ¢6 : Tt gidc ABCD ndi tiép duong tron (O)

Do d6 BAC=BDC ( goc néi tiép clng chén cung BC ciia duong tron (0)).
b) Xét AMAB va AMDC c¢o:

AMB=CMD ( dbi dinh)

BAC=BDC (cmya)

Vay AMAB» AMDC(g—g)

MA MB
Suy ra ——=—— Hay MA.MC=MB.MD (dpcm)
MD MC
Bai toan 13. Cho tir giac ndi tiép ABCD c6 tam giac ABC 1a tam giac nhon. Hai dudng cao AM va CN
ctia tam gidc ABC cit nhau tai H ( Hinh v&). Chtrng minh:

a) MHN + ABC=180°;
b) AHC=ADC
¢) ADC=BAM +90°

Loi giai

Trang: 10.
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a) Xét tir giac HMBN c¢o:

HMN + HNB=90°+90°=180°

Suy ra MHN + ABC=180° (1)

b) Ta c6 tit gidc ABCD ni tiép nén ADC+ABC=180° (2)
Tu (1) va (2) suyra MHN=ADC ma MHN=AHC ( déi dinh)
Do d6 AHC=ADC

c) Xét tam gidc AMB vuong tai M , ta co:

MAB+ ABC +90°=180° (Pinh 1i tong ba goc trong tam giac)
= MAB+90°=180°— ABC  (*)

Lai c6 ADC+ ABC=180° ( Do ti gidc ABCD ni tiép )

= ADC=180°~ ABC (**)

Tir (*) va (**) suy ra ADC=BAM +90°

Bai todn 14. Cho hinh thang ABCD (AB//CD) néi tiép dudng tron. Ching minh hinh thang 4BCD 1a
hinh thang can

Loi giai

Xét hinh thang ABCD c6 AB//CD nén DAB+ ADC=180° (1) ( cap goc trong cung phia)
Vi ABCD ndi tiép duong tron nén DAB+DCB=180° (2)

Tu (1) va (2) suy ra ADC=DCB

Trang: 11.
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Xét hinh thang ABCD ¢6 ADC=DCB nén hinh thang ABCD 14 hinh thang can ( hinh thang
c6 hai goc k& mot day bang nhau).

Bai toan 15. Cho tam giac ABC c6 cac dudng cao AD;BE;CF . Ching minh ring céac t giac BCEF ;
CAFD; ABDE la nhiing tir gidc noi tiép.

Loi gidi
A
F
E
2
C ! ps : B

Goi O la trung diém BC.

: . , N A BC
Xét tam giac BCF vuong tai F (gt) c6 FO la duong trung tuyén nén FO:T hay

FO=CO=BO.
Chung to B;F;C thudc duong tron (O)
Chimg minh tuong tu ta cling c6 EO=CO=BO nén ba diém B;E;C thudc dudng tron (O)
Do d6 bén diém B;F;C;E thudc duong tron (O) hay tt giac BCEF ndi tiép
Hai truong hop con lai ching minh tuong tu
Bai toan 16. Cho tam giac nhon ABC c¢6 AD;BE;CF 1a duong cao va H 14 tryc tim. Ching minh ring
a) TG giac AEHF ; BDHF ; CDHF 1a cac tt giac noi tiép.
b) DA la duong phan giac cuia goc FDE .
Loi giai
a) Ta c6 AFH + AEH =180°
Do d6 tir giac AEHF ndi tiép.
Chimg minh tuong tu, ta c6 cac tr gidc BDHF va CDHF noi tiép.
b) Xét tir gi\c BDHF noi tiép( cmt)
— FDH = FBH ( hai goc noi tiép cung chin cung FH )
Twong tu voi tir gidc ndi tiép CDHE , ta c6 HDE = HCE
ma FBH = HCE ( cing phu véi BAC )
— FDH = HDE , chimg to AD la dudong phan giac cua goc FDE

Trang: 12.
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B D C

Bai toan 17.Cho A4BC nhon néi tiép duong tron (0) , duong cao AD cat dudng tron (0) tai £. Trén

AD lay H sao cho D la trung diém ctia EH , BH cat AC tai K. Chimg minh tir giac
HKCD noi tiép.

Huéng din: Ta dua vé cau a, bai toan 16 bing cach chimg minh BKC = 90° .
Loi giai

A

—~

D& thdy ABDE = ABDH (c.g.c) = B, =B, va E, =H, .
H, =H, (dbi dinh)
23\1 = 1/4; (goc ndi tiép cung chan cung EC )
ma B, +E, =90° (do BDE =90° ( gt))
— A, +H, =90°
Trong AAHK = AKH =180°—90° = 90°
= HKC =90°
Ta c6 HKC + HDC =180°
Do tir giac HKCD ndi tiép
Bai toan 18. Tir mot diém M nim ngoai dudng tron (0) , v& cat tuyén MBC va tiép tuyén Mt tiép xtic

voi (0) tai 4.Goi I 1a trung diém cta ddy BC. Chimg minh AMIO 1a mét tir giac ndi tiép.

Trang: 13.
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M A
Loi giai
D@ thdy ABOC can tai O, ¢6 OI la trung tuyén ( gt) nén OI dong thoi 1a duong cao, nén
Ol 1L BC.
Mat khéc tiép tuyén Mt tiép xtic v6i (O) tai 4 nén O4 L Mt.

Xét ti gide AMIO ¢6 MAO +MIO =180°. Nén AMIO 1a mot tir gide noi tiép.

Bai toan 19. Cho tam gidc AABC vudng tai A .Liy diém M bat ki trén doan AC, dudng tron duong
kinh CM cat hai duong thang BM va BC lan luot tai D va N . Ching minh rang:
a) Tir gidc ABCD nbi tiép.
b) Cac duong thang 4B, MN,CD cung di qua mot diém.
Hwéng din: cau b cho hai duong thang cit nhau tai mot diém, chimg minh duong th ba di qua
diém do.

Loi giai

B C

a) Goi O la tam dudng tron duong kinh CM .

M
Tacdé DO =MO =CO hay DOzTC.

Ching to6 AMDC 1a tam giac vuong tai D .
Xét tr giac ABCD cb BAM = BDC =90° ( cmt) nén bdn diém A4,B,C,D cing thudc mot
duong tron duong kinh BC hay tt giac ABCD ndi tiép.
b) Goi giao diém ciia hai duong thing 4B va CD 1a I ,tacd M latryc tim cia ABIC nén IM
la duong cao thrba = IM | BC.
— IM va IN phai tring nhau hay ba diém I, M, N thing hang.
Vay cac duong thang 4B, MN,CD cing di qua mot diém 1 .
Bai toan 20. Trong mot duong tron. Ching minh ring goc gitta tiép tuyén mot ddy va goc ndi tiép

cung chin mot cung thi bang nhau.

Trang: 14.
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Loi giai

Ké OH L TB. Tam gidc BOT cén tai O nén dudng cao OH ddng thoi 1a duong phan giac
hay BOH = HOT = %B/O\T Lai c6 BAT = %B/O\T ( gbc ndi tiép bang nira goc & tim cung

chin mot cung)

= HOT = BAT (1)

AOHT vudng tai H,taco HOT +OTB = 90°

Lai c6 OTB + BTx = 90° (do Tx la tiép tuyén)

= HOT = BTx (2)

Tir (1) va (2) = BAT = BTx ( BTx la gbc gitta tiép tuyén mot day va mot ddy chén cung

BT, BAT 1a goc noi tiép chin cung BT )

Két luan: Trong mot duong tron, goc giira tiép tuyén mot day va goc noi tiép ciing chin mot
cung thi bang nhau.

Ghi chii: Két luan cuia bai toan 20 nay s& dung dé chirg minh cho cac bai toan khac va chung
ta xem la mot dinh 1i trong hinh hoc.

Bai toan 21. Cho A4BC nhon ni tiép trong dudng tron (O), céc duong cao AD va CE cét nhau tai
H. BO cat DE tai I va cat dudng tron (O) tai M . Ching minh ring t& gidc DIMC noi
tiép.

Huwéng din: Dung két qua cua cau a, bai toan 16 va bai toan 20.

A

Loi giai

Ta c6 AEC = ADC =90° ( gt) nén tir gidc AEDC noi tiép = EDC + BAC =180°

Trang: 15.
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Ma EDC + EDB =180° (ké bu) = BAC = BDE (1)

Ké tiép tuyén Bx voi duong tron (O) ta c6 CBx = BAC (2) (goc giita tiép tuyén mot day
va mot ddy chan cung va géc ndi tiép chan cung BC )

Tu (1) va (2) = BDE = CBx = Bx// ED (cip gbc so le trong bing nhau )

ma Bx 1 OB ( tinh chét tiép tuyén)

— DE 1 OB hay DIM =90°

Dé thdy BCM =90° ( do BM la dwdng kinh) = DIM + BCM =180°

Chung to tir gidic DIMC ndi tiép ( tong hai goc d6i bang 180° )

Bai toan 22. Cho A4BC (AB > AC) ndi tiép trong dudng tron (O) dudng kinh BC. V& dudng cao
AH cta tam giac. Trén canh BC lay F(F # 0) sao cho CF =CA.Veé CI L AF tai I va
CI citcanh 4B tai E.Chung minh rang t& giac AIHC va BEIH noi tiép.

4

1

Loi giai
D& thy t& gidc ATHC ndi tiép( AIC = AHC =90° )

= 21 =IA1 (1) ( goc ndi tiép chin cung HC )

Lai ¢6 BAC =90° ( BC la dudng kinh) hay BAH + 4, = 90°
ma BAH+B=90°= A4 =B (2)

Tir (1) va (2) = B=1, ma I, +EIH =180° ( ké bu)

— B+ EIH =180°. Ching o t&r gidc BEIH ndi tiép
Bai toan 23. Cho hinh binh hanh ABCD c¢6 dinh D nam trén duong tron duong kinh AB . Ké DM va
BN cung vudng goc véi dudng chéo AC . Chimg minh tir giac CBMD noi tiép.

Trang: 16.
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Loi giai

No6i B véi D, tacd AADB vudng tai D ( AB 1a duong kinh) hay 4D L BD.
ma AD//BC (gt) = BD L BC = DBC =90° hay DBC = DMC =90°.
Hai dinh M, B cung nhin DC duéi hai goc bang nhau cung bang 90° nén ti giac CBMD
ndi tiép.

Bai toan 24. Tir diém A bén ngoai duong tron (O) ké hai tiép tuyén AB, AC dén dudng tron ( B, C 1a
tiép diém). V& duong kinh BD ciia duong tron (0) Tiép tuyén tai D cua (0) cat duong
thang BC & E, OFE cit AD & N . Ching minh tir gidc 4ONC ndi tiép.

Loi giai

Goi H 1a giao diém cua 40 va BC,tacd O4A=0C = (R) (tinh chét hai tiép tuyén cét nhau)
nén OA la duong trung truc cia doan BC hay OA4 L BC tai H.Xét AACO vuong tai C (tinh
chét tiép tuyén) va ACHO vudng tai H (cmt) c6 0AC chung
= AACOUACHO(g—g) :E:%: OC* = OH .04
OH OC
Ma OD=0C(=R)= OD* = OH .04 (1)
Xét AAOD vi ADOH ,cb AOD chung va (1)
= AAODADOH (¢~ g—¢) = 0AD=0DH (2)
Lai c6 t&r gide OHED i tiép ( OHE + ODE =180° )
— ODH = OEH (3) ( gbc ndi tiép cung chan cung HO )
Tir (2) va (3) = 04D = OEH ma OEH + EOH =90° = OAD + EOH =90°.

Xét AAON , ta cd ANO = ACO =90°

Trang: 17.
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Do d6 tir gisc AONC noi tiép

Bai toan 25. Cho dudng tron (O) dudng kinh AB . Trén tia ddi cua tia B4 lay diém C ( C khong
triung voi B ). Ké tiép tuyén CD voi duong tron (O) ( D 1a tiép diém). Tiép tuyén tai A
cua dudng tron (O) cit duong thang CD tai E. Goi H 1a giao diém ciia 4D va OF, K 1a
giao diém ciia BE va dudng tron (0) ( K khong trung voi B ).
a) Ching minh: AE’ = AK.EB
b) Chirng minh: t gidc BOHK ndi tiép.

Loi giai

a) Ta c6 AKB=90° (vi AB 1 dudng kinh) = AAKE vuéng tai K .
Lai c6 AABE vudng tai A ( tinh chit tiép tuyén).
Xét AAKE va AEAB,c6 AEK chung
= AAKE “ABAE(g - g)
AE EB
= ——=—
EK AE
b)Dé thay EO la duong trung truc cia 4D hay EO L AD tai H.Xét AEHA va AEAO co:
EHA = EAO =90° AEO chung. Do d6 AEHACAEAO(g - g)

= AE’* =EK.EB (1) (dpcm)

_ AE _EO 4k - EH.EO (2)
EH AE

Tu (1) va (2) = EK.EB = EH.EO
= AEHK UZAEBO(c—g —c)
— H, =B, ma H, +KHO=180° ( ké bu)
B, + KHO =180°
Chung to tir giic BOHK ndi tiép
Nhan xét: Trong bai toan 6 c6 cat tuyén qua E trong d6 c6 cat tuyén di qua tim ctia dudng tron
(0) . Néu ca hai cung khong di qua tim (O) ta c6 bai toan phirc tap hon.
Bai toan 26. Cho A4BC nhon ndi tiép dudng tron (0) ba duong cao 4D, BE, CF cét nhau tai H .

a) Chtng minh ttr gidc AFHE ndi tiép. Xac dinh tdm va ban kinh cta dudng tron ngoai tiép
tor gidc AFHE .

Trang: 18.
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b) Goi M 1a giao diém ctua EF va CB va AM cat duong tron (0) tai / . Chiing minh tur giac
AEFI noi tiép.

Léi gidi
A
I
7y
H
.
M B D

a)Ta ¢ AEH = AFH =90° ( gt) = AEH + AFH =90°
Do d6 tt gidc AFHE ndi tiép dudng tron tdm 1a trung diém cua AH va dudng kinh 1a 4H .
b)Ta c6 BFC = BEC =90° ( gt) = BFEC ndi tiép = MFB = MCE
— AMFBAMCE (g - g)
MF MB
= —=—
MC ME
Chimg minh tuong ty ta cling ¢6 : MC.MB =MI.MA (2) (vi 4 diém 4,1,B,C thudc (O) )

= MF.ME = MCMB (1)

Tu (1) va (2) = MF.ME = MI.MA
= AMIF SAMEA(c—g —¢) = MIF = MEA
Vay tir gidc AEFI noi tiép
Bai toan 27. Tir diém A bén ngoai duong tron (O) ké hai tiép tuyén AB, AC dén dudng tron ( B, C 1a
tiép diém). Goi H 1a giao diém ciia O4 va BC, EF 1a mot diy cung di qua H . Chirg minh
tor gidc AEOF ndi tiép.
Loi giai

Loi giai

Trang: 19.
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D@ thdy 04 1a dudng trung tryc ciia BC hay OA L BC tai H .
Ta cd6 AABO vudng tai B (tinh chit tiép tuyén)
Xét AAHB va ABHO c6:

AHB = BHO = 90°, ABH = BOH (goc gira tiép tuyén mot day va goc & tam ciing chidn mot cung

BC).

Do d6 AAHB -~ ABHO (g.g)

:ﬂzﬁsz = HO.HA
HB HO

Ma HB = HC nén HO-HA=HB-HC (1)
Dé& thidy AEHB -~ ACHF (g.g)
HB HF
=>—=—
HE HC
Tu (1) va (2) = HO.HA = HE.HF

= HB-HC = HE - HF

Xét AHEA va AFOH ¢6 H, = H, (i dinh)
— AFOH ~ AHEA (c.gc) = A4 =F, .

Hai dinh 4 va D nhin E, O dudi mot goc bang nhau nén t&r gidc ADEO noi tiép.
Bai toan 28. Cho tam giac c6 ba goc nhon noi tiép duong tron (O;R) . Goi H la giao diém ctia ba duong

cao AD,BE,CF .Goi M latrung diém ctia BC . Ching minh tir giac EFDM ndi tiép.

Loi giai

D@ thiy céc tir giac AFHE, AFDC i tiép:

Ta giac AFHE co: BAD = BEF (cuing chan cung FH ) (1)

Lai co6 M latrung diém BC; ABEC vudng c6 trung tuyén tmg v6i canh huyén EM
= ABME cin = BEM = EBC

T (1) va (2) = BAC = FEM

Lai c6 tir gidc AFDC ndi tiép nén BAC = FDB 4)

T (3) va (4) = ti giac FEDM noi tiép.

Cach khac:

Ta c6 AFH = AEH =90°

Trang: 20.
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— AFH + AEH =180°.
= Tu gidc AEHF ndi tiép.
Ching minh tuong tu ta c6 tir gidc BFHD va CEHD .
Ciing 1a nhimng t&r giac ndi tiép lai co BFC = BEC =90° (gt) nén BFEC ndi tiép.

BC . 2 ~ .
Xét duong tron tdim M ban kinh TC di qua 4 diém B,F,E,C taco 2B, = FME (1) (goc noi
tiép va goc & tam) va 23\1 = a (goc ndi tiép cung chin cung EF )

Tuong ty xét dudng tron di qua 4 diém B,F,H,D ta co fi\, = l/)\] (goc noi tiép ciing chan cung
FH ).

Tuong tu voi duong tron di qua 4 diém C,E,H,D , taco a = b\z (goc ndi tiép cung chin cung
HE ).

— FDE =2B, (2).

Tr(l)va(2) = FME = FDE . Hai dinh M va D cung nhin hai dinh E,F con lai dudi 1 goc
bang nhau nén ti giac EFDM i tiép.
Nhdn xét.
* Bai toan trén day la bai toan thu hep ctia bai todn dudng tron Ole hay vong tron 9 diém ma
chung ta da co6 dip lam quen trong §3. GOC NOI TIEP, ¢ day trong 4 dinh cuia tir gidc da c6 3
dinh 14 chan 3 dudng cao va 1 dinh la trung diém cia mot canh cua tam giac, trong trudng hop
nay néu ta dua vé cach giai ctia bai toan "BPuong tron O le" thi ¢6 phan phtic tap hon.
* Mat khac: Néu chiing ta ké duong thang EF cit duong tron (0) tai hai diém va cit duong
thang BC thi ta lai c6 mot tir gidc ndi tiép khac ma hai dinh van 1a mot chan dudng cao véi trung
diém va hai dinh kia la giao cuia duong thang EF véi dudng tron (0) . Chung ta hiy dua vé bai
toan sau.

Bai toan 29. Cho tam giac ABC nhon ndi tiép dudng tron (0) , cac dudng cao AD,BE va CF cit nhau
tai H .
a) Ching minh rang: Tt giac BFEC ndi tiép, xac dinh tim va ban kinh ciia duong tron ngoai
tiép tir gidc BFEC .
b) Puong thiang EF cat duong thing BC tai M va cat dudng tron (0) tai K va T ( K nam
gitta M va T ). Chimg minh ring: MK .MT = ME.MF .
¢) Ching minh tir giac KTID noi tiép.

Loi giai

Trang: 21.
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a) Ta co: ﬁ:@:%o(gt)

. LA 2 B
= Tw giac BFEC n0i tiep duong tron tdm [ 1a trung diém ctia BC va ban kinh TC

b) Xét duong tron (1 ) ta c6 FEB = FCB (gdc ndi tiép cung chan cung FB ).

ME MB
MC MF
Ching minh twong tu véi duong tron (O) ta c6: MB.MC = MK .MT

:>AMEBMAMCF(g—g):> = ME-MF =MB-MC

Tir (1) va (2) = MK.MT = ME.MF
¢) D& théy tir giac HECD ni tiép ( HEC + HDC =180° )

— HED = HCD (goc ndi tiép cung chan cung AD ).
Lai c6 BFEC noi tiép (cmt)

— HCD = FEB (goc ndi tiép cung chan cung FB ).

. FED - FEB(- D)

Lai c6 BIF =2FCB (gbéc O tam duodng tron (I ) va goc ndi tiép cing chin cung BF )

= BIF = MED = AMIF ~ AMED (g.g).

_ ML _ME i MD = MEMF
ME MD

Tir (2), (4) = MI.MD = MK.MT

Do d6 AMDK -~ AMTI (c.g.c).

— MDK = MTI = Tt gide KTID noi tiép.
Nhan xét: Ciing noi vé duong tron O le ta hdy xét bai toan twong tu sau, trong d6 3 diém 1 chan
ba dudng cao va di€m con lai la trung di€m cua doan thang ndi truc tam dén dinh.

Bai toan 30. Cho tam giac ABC nhon ( AB > AC ), dudng tron tim O dudng kinh BC cat AB, AC tai
M va N, CM cat BN tai H, AH cat BC tai D.Goi I 1a trung diém ciia HB. Ching minh
tor giac MNDI ndi tiép.

Loi giai

Trang: 22.
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A
M1 N
B
oD ¢

D& thy cac tir gidc sau day noi tiép BMHO, BMNC .

= 23\1 = ]T/I\1 (goc ndi tiép cung chan cung NC ).
Tuong ty B, =M, (chén cung HD )

I 1a tam duong tron ngoai tiép tir gidic BMHD = HID = 22?\1 (goc ndi tiép va goc o tam).

e~ o~

Ma NMD =M, +M, ma M, =M, =B, = HID=NMD
Hai dinh M, cung nhin N, D dudi 1 goc bang nhau nén tir gisc MNDI ndi tiép.

Bai toan 31. Tir diém 4 nam ngoai dudng tron (0) ké cac tiép tuyén AB, AC dén (0) ( B,C lacéc
tiép diém). Trén tia ddi cua tia BC ldy D . Goi E la giao diém ciia DO va AC.Qua E ké tiép
tuyén tht hai, tiép tuyén nay cat duong thang 4B ¢ K. Ching minh rang 4 diém B,D,K,O
cung thugc mot duong tron.

Loi giai

B
M
C

Goi M 1a diém tiép xuc ciia KE véi (O ta co M M (tinh chat hai tiép tuyén cét nhau) va

MBC =M, (goc & tm va gbe ndi tiép) ma MBC + MBD =180° (ké bu).

Tuong tu M\I+A70\D:180°:>@:A70\D.

Trang: 23.
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Hai dinh B va O cung nhin hai dinh con lai M,D dudi hai géc bang nhau nén bon diém

M ,0,B,D cung thudc 1 duong tron.

D@ thiy tu gidc MOBK ndi tiép = B, D,K,O cing thudc 1 dudng tron di qua 3 diém B, K, O.
Bai toan 32. Cho goc ;{3} va dudng tron (O) tiép xtic v6i Ax va Ay tai B va C. Trén doan thing BC

liy diém M (khac B va C ). Pudng thang vudng goc voi OM tai M cit Ax, Ay lan luot tai

D va E. Ching minh cac diém A4,D,0,E cung nam trén mot duong tron.

Loi giai
X
B b
M
y 0
E
C
y

Ax L OB (tinh chét tiép tuyén) = OBD =90°.

DMO =90° (gt) nén t gidc OMBD nodi tiép. = ODM = OBM (goc nodi tiép cung chin cung
OM cua duong tron qua O,M,B,D ).

Ta lai c6 tr gidc ABOC i tiép nén OBM = 0AC .

— ODM = OAC hay ODE = OAE
Vi A4,D & cung phia d6i v6i EO nén A va D nim trén mét cung chira goc %x/AE/ dung trén
OE hay A4,D,0,E cing nim trén mot duong tron.

Bai toan 33. Cho duong tron (O) . Tir diém A nam ngoai duong tron ké hai tiép tuyén AB, AC. Goi M

1a diém thudc cung nho BC. Tiép tuyén tai M cat AB,AC lanluot & D va E. Goi I va K
lan luot 1a giao diém OD,OFE véi BC . Chimg minh rang tir gidc OBDK noi tiép.

Loi giai

Trang: 24.
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D& thidy tor giac ABOC ndi tiép (vi ABO=ACO=90° tinh chét tiép tuyén)
= BAC +BOC =180°. Do d6 BOC =180°— 4.
Theo tinh chit cta hai tiép tuyén cét nhau, ta c6 OD,OFE lan luot 1a phan giac cua hai goc ké

BOM va MOC.
Nén boc = 189°=4

Mt khac: AABC cén (4B = AC)

Nen 4BC = 4CB=20 4

Tir (1) va (2) = DOE = ABC hay DOK = DBK .
Do d6 bén diém O, B,K,D cung nam trén mot dudng tron, hay tir gidc OBDK noi tiép.

Bai toan 34. Trén cac canh BC va CD cua hinh vudng ABCD lay cac diém E va F sao cho EAF =45°
. Cac doan thang AE, AF cit BD theo thtr ty & H va K . Chimg minh t gidc EHKF ndi tiép.

Loi giai
A B
450 H
 E
K
D F C

Ta co @zlﬁ*z%‘\

Hai diém A va D & cing phia v6i HF nén AD thudc cung chita goc 45° vé trén doan HF .
Hay bon diém 4,D,F,H cung thudc mot duong tron nén tir giac ADFH noi tiép.

— ADF + AHF =180° ma ADF =90° = AHF =90°=> FHE = 90°

Chung minh tuong tu ta co FKE =90°.
Do d6 EHKF 1a tir giac noi tiép.
Bai toan 35. Cho hinh binh hanh 4BCD c¢6 goc A nhon (4B < AD). Cac phéan giic ctia goc BAD cit
BC tai M vacat DC tai N.Goi K 13 tdm cta dudng tron ngoai tiép tam giac MCN .
a) Chung minh DN = BC va CK vudng goc voi1 MN .
b) Chiing minh tir giac BKCD noi tiép.
Loi giai

Trang: 25.
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a) Ta c6 AB//CD (gf) = 4, = N, (so le trong) ma 4, = 4, (gt)

:>;1;:]/\7\1.Dod(') AAND cén tai D

= = DN =BC
DA=BC

{DN =DA
Ta cod 1/42\ = Z\/fl (dong vi)
4, =N, (em)
:>]T4\1 :]/V\1 hay AMCN céantai C = CM =CN
Laico KM = KN(= R) ( R la ban kinh ctia duong tron (K) ).
Do d6 CK 1a duong trung truc cia MN = CK L MN .
b) D& thay AKNC = AKMC (c.c.c)
— CNK = CMK (g6c tuong ung) hay DNK = CMK (1)
Lai c6 AMKC cantai K = CMK = MCK (2)
T (1), (2) = DNK = MCK .
Xét ABKC va ADKN ¢6 BC=DN (cmt), BCK = DNK (cmt)
KC=KN(=R).
Do d6 ABKC =ADKN (c.g.c) = §1 = b\l hai dinh B, D cung nhin CK dudi hai goc bang
nhau nén tir gidc BKCD ndi tiép.
Bai toan 36. Cho hai dudng tron (O) va (O') cét nhau tai hai diém 4 va B.Goi M la diém tuy ¥ trén
duong thing 4B va nam ngoai doan AB. V& qua M hai cat tuyén MCD va MC'D’ véi (0’)
va (0). Chimg minh t&r gide CDD'C’ ndi tiép.

Loi giai

Trang: 26.
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Ta ¢6 tr gide ABCD ndi tiép duong tron (O) nén CDA=CBM (cing bu véii ABC ).
Do d6 AMBC «» AMDA (g.g).
MA MD
->—=—
MC  MB
Ching minh tuong tu:
MA.MB = MC'.MD' = MC.MD = MC'.MD'

= MA-MB =MC.MD .

Do 6 AMCC’ » AMDD' (g.g) = MCC' =MD'D .
Vay tir giac CDD'C' noi tiép.

Bai toan 37. Cho duong tron (O;R) va ( (O;R’) cétnhau tai hai diém 4 va B, va 0,0’ vé hai phia
ciia ddy chung AB . V& tiép tuyén chung MN sao cho M €(O) va N (O') dudng thing AB
cat MN tai I (B nam gita 4 va I). DPuong thang MA cat dudng thing NB tai O, duong
thang NA cat duong thing MB tai P . Ching minh tir gidc APBO noi tiép.

Loi giai

/ﬂ/ E

BN

Taco ZTI\I = :4\1 (1) (gbc gitra tiép tuyén va diy cung, goc noi tiép ciing chin cung MB ).
Tuong tu ]/V\l = 21 (2).

Xét AMBM ¢6 M, +MBN + N, =180° (3)

ma MBN = OBP (dbi dinh) (4)

= Tu (1), (2), 3), (4) = OBP+ A + A, =180°

Do d6 tir giac APBQ noi tiép.

Trang: 27.
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Bai toan 38. Tt gidc ABCD ndi tiép duong tron c6 hai duong chéo AC va BD vudng goc v6i nhau tai
H . ( H khong tring véi tim ctia duong tron). Goi M, N lan luot 13 chan cac duong vudng
goc ké tir H xubng cac duong thang AB, BC, P va O theo thtr ty 1a giao diém ctia dudng
thang MH,NH véi cac duong thang CD va AD . Chimg minh rang PQ va AC song song
v6i nhau va 4 diém M, N, P,Q cing thujc mot dudng tron.

Loi giai

1

D

Ta c6 CAD = CBD (g6c ndi tiép cung chin cung CD ).

CBD = I/{\z (cung phu voi 1:1\3 )

H, =H, (dbidinh) = CAD =H,

AC L BD (gt) = H, + H, =90°

D, = CAD =90°

— H:=D = AHOD cantai Q = QOH = QD

Laico AAQH cantai Q = QH =QA

= 04=0D

Chtrng minh tuong tu ta c6 PD = PC'.

Do d6 QP la duong trung binh AADC = QP // AC

= ]@ = I/--]\l (so le trong)

1/-1\l = C/’AB; CAD = CBD (chung minh trén)

— NOP =CBD (1)

Xét tir gidc BNHM ¢6 BNH + BMH =180° = BNHM ndi tiép.
— NBH = NMH hay CBD = NMP

Tir (1), (2) = NOP = NMP . Hai dinh M va O clng nhin 2 dinh con lai NP duéi hai goc

bﬁng nhau nén bon diémm M, N, P, Q cung thudc mot duong tron.

Bai toan 39. Chtrng minh rang trong mot tir giac ndi tiép, tich cua hai dudng chéo bang tong céc tich cua
hai cdp canh ddi.

Dinh li: Pt6-1é-mé (Plolémé nha toan hoc Hy Lap).

Trang: 28.
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Huéng ddn: Diéu phai chimg minh: 4B-CD+ AD-BC = AC-BD.

Loi giai
A /\D
D 1
c
B

Vé tia AE hop véi tia AB mdt goc BAE = CAD .
Xét AABE va AACD ¢6 BAE = CAD (céch v&)
ABE = ACD (goc ndi tiép chan cung AD )

s AABE © AMCD (0.9) = 2B - BE

AC CD
= AB.CD = AC.BE (1)

Lai c6 BAE = CAD => BAE + 4, = CAD + 4,
hay BAC = EAD
Xét AABC va AAED c6 a = I/)\l (goc ndi tiép cung chan cung AB )

va BAC = AED (cmt)

= AABC » AAED(g.g)
AD DE
->—=—
AC BC

Tu (1) va (2) = AB-CD+AD-BC=AC-BE+AC-DE = AC(BE+DE) = AC-BD

Bai toan 40. Tir mot diém bat ki trén dudng tron ngoai tiép cia mot tam giac ké cac dudng vudng goc
xudng ba canh ciia tam gi4c thi chan ba duong vudng goc d6 thang hang (Pudng thang Sin
Son).

Loi giai

Goi chin ba duong vudng goc ké tir M dén ba canh 4B, BC, AC lan luotla I,H,K .

Ta c6: MIB = MHB =90° = MIB+ MHB =180°

Trang: 29.
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Do d6 MIBH ndi tiép
— [HM = IBM (g6c ndi tiép cung chan cung M7 )
Lai c6 bon diém ABMC cung thudc dudng tron (hay tir gidc ABMC ndi tiép)
— IBM = ACM
D& thiy tt gidc MHKC néi tiép vi MHK = NKC =90°
— ACM + MHK =180°. Ma ACM = IBM = I[HM (cmt)
— [HM + MHK =180°. Hay I,H,K thing hang.
III To4n thue té

Bai toan 41. Ngudi ta mudn dung mot khung cong hinh chit nhat rong 4m va cao 3m , bén ngoai khung
cong dugc bao boi mot khung thép dang nira duong tron nhu hinh v&. Tinh chiéu dai cia doan
thép lam khung ntra duong tron do.

3m
A o0 D
Loi gidi
B 4dm C
3m
A (1] D
(Xem hinh v¢).
Ta co: OA:%:%:%m)

Xét tam giac ABD vudng tai 4.
Theo dinh li Pythagore, ta c6: OB* = 04> + AB*> =2° +3’

= OB =~2"+3* =/13(m)

Vay chiéu dai ctia doan thép lam khung 1a nira chu vi duong tron (O).

Ta co: %n-zJE:m/an,ss(m).

3 HET ©

Trang: 30.
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